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Abstract

This thesis addressestwo topics: the in
ationary perturbation spectrum and preheating
after hybrid in
ation.

Quantum 
uctuations in the in
ationary universeprovide a natural mechanism for the
generationof primordial perturbations which seedthe formation of cosmicstructure. In
this thesiswe present a semi-analytical,and mathematically controlled, so-calleduniform
approximation. This approximation can be used for the calculation of scalar and ten-
sor in
ationary perturbations. Detailed calculations of the power spectra, the spectral
indices and other observables are performed to leading and next-to-leading order in the
uniform approximation, respectively. Explicit \slow-roll" assumptionsare avoided. A sim-
ple extensionof the leading order, which is gainedfrom the detailed understandingof the
next-to-leading order, leadsto excellent accuracyof the uniform approximation, which is
demonstrated with several representativ e examples. The results are compared to stan-
dard slow-roll approximations as well as to exact numerical results. The techniquesand
numerical routines described hereallow to calculate primordial perturbation spectra very
e�cien tly with high precisionand to constrain somemodelsof in
ation.

Furthermore, this thesis provides a detailed analysis of some aspects of preheating
after hybrid in
ation. In the hybrid model the in
ationary expansionis terminated by a
phasetransition of a symmetry-breaking �eld. During in
ation this symmetry-breaking
�eld is trapped in a falsevacuum,becomesdynamically instable and performsa transition
to the true vacuum. Herein the important in
uence of the back-reaction of quantum

uctuations is consideredby usinga bubble-resummationof the propagators.The problem
of renormalization in a system of multiple and coupled �elds is explicitly solved. The
false vacuum transition after hybrid in
ation, along with other physical observables, is
analyzedwith detailed numerical investigationsreliably and the in
uence of back-reaction
of quantum 
uctuations is emphasized.





Zusammenfassung

DieseDoktorarbeit behandeltzwei Themengebiete:dasin
ation•areSt•orungsspektrum und
die Vorerw•armungsphaseim Anschlussan die Hybrid-In
ation.

Quanten
uktuationen im in
ation•aren Universum bilden einen nat•urlichen Mechanis-
mus zur Erzeugungprimordialer St•orungen,ausdenenkosmische Strukturen entstehen. In
einemTeil der Arbeit pr•asentieren wir ein mathematisch kontrolliertes, semi-analytisches
N•aherungsverfahren zur Berechnung desin
ation•aren St•orungsspektrums f•ur skalare und
tensorielleSt•orungen. Detaillierte Berechnungen desLeistungsspektrums, desspektralen
Index und anderer Observablen werden durchgef•uhrt, zu f•uhrender und n•achstf•uhrender
Ordnung in einer uniformen Approximation sowie mit Fehlerschranken. Diese Berech-
nungen verzichten auf explizite \slow-roll"-Annahmen. Zusammenmit einer einfach zu
implementierenden Erweiterung der f•uhrendenOrdnung, welche wir aus dem detaillierten
Verst•andnis n•achstf•uhrender Ordnungen gewinnen,wird die ausgezeichnete Genauigkeit
desVerfahrensuniformer Approximationen anhand verschiedenerBeispieledemonstriert.
Die Ergebnissewerden mit exakten numerischen Resultaten und der slow-roll-N•aherung
verglichen. Die vorgestellten Techniken sind zusammenmit den entwickelten Program-
men von unmittelbarem Nutzen zur theoretisch pr•azisenBerechnung von primordialen
St•orungsspektrensowie derEinschr•ankungvon einigenin
ation•arenModellenbzw. Modell-
parametern.

Weiterhin werden einigeAspekte der Vorerw•armungsphaseim Anschluss an die In
a-
tion im Rahmen dessogenannten Hybrid-Modells detailliert untersucht. Die in
ation•are
Expansion endet in diesemModell mit einem Phasen•ubergang einessymmetriebrechen-
den Feldes.DiesessymmetriebrechendeFeld ist w•ahrendder in
ation•aren Phasein einem
falschenVakuumzustandgefangenund vollf•uhrt, dynamisch destabilisiert, einen •Ubergang
zum wahrenVakuum. Indem eineBlasen-Resummationder Propagatorenformuliert wird,
kann der wichtige Ein
uss von R•uckwirkungen der Quanten
uktuationen explizit ber•uck-
sichtigt werden. Das Problem der Renormierungin einemSystemmit mehrerengekoppel-
ten Kan•alenwird gel•ost. In detaillierten numerischenSimulationen wird sosehrzuverl•assig
der Phasen•ubergangnach der Hybrid-In
ation untersucht und die Bedeutung der R•uck-
wirkungse�ekte der Quanten
uktuationen herausgestellt.





Con ten ts

1 In tro duction 1
1.1 Cosmologicalperturbations and the in
ationary universe . . . . . . . . . . 1
1.2 The problem of reheating. . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Plan of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

I Theoretical Background 11

2 Theory of Cosmological Perturbations and of In
ation 13
2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 The in
ationary paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Gaugeinvariant treatment of linearized 
uctuations { classicalperturbations 19
2.4 Quantization of the 
uctuations . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5 Calculation of the power spectra . . . . . . . . . . . . . . . . . . . . . . . . 23

3 In
ationary Mo dels 27
3.1 Single-�eld in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1.1 Chaotic in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.1.2 Hybrid in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.1.3 Power-law in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.1.4 Potentials with special features . . . . . . . . . . . . . . . . . . . . 32

3.2 Multi-�eld in
ation and other exotic scenarios . . . . . . . . . . . . . . . . 34

4 The Conventional Slow-Roll Appro ximation 35
4.1 The method of slow-roll . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 Normalized solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3 The power spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.4 Spectral indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.5 Further approximation of the background dynamics . . . . . . . . . . . . . 38

i



ii CONTENTS

I I Calculation of the In
ationary Perturbation Spectrum 39

5 The Uniform Appro ximation 41
5.1 The method and generalexpressions . . . . . . . . . . . . . . . . . . . . . 42
5.2 The leading order approximation . . . . . . . . . . . . . . . . . . . . . . . 46

5.2.1 Normalized solutionswith error bounds . . . . . . . . . . . . . . . . 46
5.2.2 Power spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.2.3 Ratio of tensor to scalarperturbations . . . . . . . . . . . . . . . . 49
5.2.4 Spectral indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.3 The next-to-leading order approximation . . . . . . . . . . . . . . . . . . . 50
5.3.1 Normalized solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.3.2 Power spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.3.3 Spectral indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.4 Analytical solutions for power-law in
ation . . . . . . . . . . . . . . . . . . 53
5.5 Local approximations: Expansionaround the turning points . . . . . . . . 58
5.6 Estimate of the leading-ordererror bound . . . . . . . . . . . . . . . . . . 59
5.7 A simple and powerful improvement of the leading order . . . . . . . . . . 60
5.8 Slow-roll redux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

6 Numerical Implemen tation 65
6.1 Leading-orderuniform approximation:

Numerical issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.1.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.1.2 The mode solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.1.3 Power spectra and spectral indices . . . . . . . . . . . . . . . . . . 66

6.2 Mode-by-mode numerical integration . . . . . . . . . . . . . . . . . . . . . 66
6.2.1 Initial conditions and mode functions . . . . . . . . . . . . . . . . . 66
6.2.2 Power spectra and spectral indices . . . . . . . . . . . . . . . . . . 69

6.3 Testsfor power-law in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . 70

7 Results from Numerical Calculations 73
7.1 Chaotic in
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7.1.1 Quadratic potential V(� ) = m2� 2=2 . . . . . . . . . . . . . . . . . . 73
7.1.2 Quartic potential V(� ) = �� 4=4 . . . . . . . . . . . . . . . . . . . . 75

7.2 In
ationary model with a C2 potential function . . . . . . . . . . . . . . . 79

8 Conclusions of Part I I 89

I I I Preheating after Hybrid In
ation 91

9 Nonp erturbativ e Appro ximations 93
9.1 Nonequilibrium quantum �eld theory . . . . . . . . . . . . . . . . . . . . . 93
9.2 Lagrangedensity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95



CONTENTS iii

9.3 Reducibleand irreducible Feynmandiagrams. . . . . . . . . . . . . . . . . 96
9.4 The 2PPI resummationscheme . . . . . . . . . . . . . . . . . . . . . . . . 96

9.4.1 E�ectiv e action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
9.4.2 Mode functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
9.4.3 Loop expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
9.4.4 Renormalizationof the 2PPI e�ective action . . . . . . . . . . . . . 101

10 Renormalized Equations 103
10.1 Initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
10.2 Isolation of the divergencies . . . . . . . . . . . . . . . . . . . . . . . . . . 105
10.3 Renormalizede�ective action with suitable e�ective counterterms . . . . . 107
10.4 Equations of motion and gap equations . . . . . . . . . . . . . . . . . . . . 109
10.5 Renormalizedenergy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

11 Results from Numerical Simulations 113
11.1 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
11.2 Dynamical evolution and dependenceon the parameters . . . . . . . . . . 116
11.3 Phase-spacetra jectories . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
11.4 Late time averages|Phase transition . . . . . . . . . . . . . . . . . . . . . 125
11.5 Momentum spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
11.6 Correlation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
11.7 Decoherence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

12 Conclusions of Part I I I 135

A App endix to Part I I 139
A.1 Error bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
A.2 Numerical implementation details . . . . . . . . . . . . . . . . . . . . . . . 140

A.2.1 Momentum discretization . . . . . . . . . . . . . . . . . . . . . . . 140
A.2.2 Spectral indicesin the uniform approximation . . . . . . . . . . . . 141
A.2.3 Conversionto physical units . . . . . . . . . . . . . . . . . . . . . . 142

B App endix to Part I I I 145
B.1 Identities for Feynmandiagrams . . . . . . . . . . . . . . . . . . . . . . . . 145
B.2 Expansionof the mode functions . . . . . . . . . . . . . . . . . . . . . . . 146

Bibliograph y 150





The hum level in the room suddenly increasedas several ancillary
bassdriver units, mounted in sedatelycarved and varnishedcabi-
net speakersaround the room, cut in to give DeepThought's voice
a little more power.
\All I wanted to say," bellowed the computer, \is that my circuits
arenow irrevocably committed to calculating the answer to the Ul-
timate Questionof Life, the Universe,and Everything." He paused
and satis�ed himself that he now had everyone'sattention, before
continuing more quitely. \But the program will take me a little
while to run."
Fook glancedimpatiently at his watch. \How long?" he said.
\Seven and half million years," said DeepThought.

DouglasAdams,The Hitchhiker's Guide to the Galaxy





Chapter 1

In tro duction

1.1 Cosmological perturbations and the in
ationary
univ erse

This thesis is about the physicsof the very early Universe. Neverthelessit is appropriate
to start with observations of the present Universe,asit turns out that our present Universe
contains a wealth of information about its beginning.

It has been found that the distribution of matter on very large astrophysical scales,
the so-calledlarge scalestructure (LSS), is startlingly homogeneous.Su�cien tly large
independent volumesof the Universecontain similar mean densitiesof matter (see,e.g.,
Ref. [1] for a recent discussion).On smallerastrophysical scalesthere are inhomogeneities.
The galaxies are not randomly distributed. We �nd them to lie in clusters, bubbles,
�laments, walls, and other sheetlike structures. A dominant feature are voids, i.e., there
are many regionswhere we �nd almost no galaxies(seeFigs. 1.1 and 1.2). The super-
clustersbuild a network around thesevoids.

Furthermore, the radiation from the last scattering of primordial photons { released
some400,000yearsafter the Big Bang { presents itself as an almost uniform background
in the microwave range. This cosmicmicrowave background (CMB) radiation is observable
today andcanbethought of asa photography of the Big Bang. But alsothis CMB radiation
is not entirely homogeneous.Sincethe �rst discovery of tiny 
uctuations, by the Cosmic
Background Explorer (COBE) satellite experiment [5, 6], a wealth of new data, including
the remarkable results from the Wilkinson Microwave Anisotropy Probe (WMAP) [7, 8],
have dramatically improved our knowledgeabout cosmologyand the very early Universe
[9, 10]. There are tiny anisotropiesin the microwave sky, which are of primordial origin
(the relevant physics of CMB anisotropies is reviewed, e.g., in Ref. [11]). In terms of
numbersthe deviation, from an overall homogenousbackground, is of the order of onepart
in a 100,000. Fig. 1.3 shows a full sky map of the �rst-y ear WMAP data displaying the
anisotropies.

One obvious questionis wherethe small anisotropiesboth in the CMB and in the LSS
comefrom and how the quantitativ e featuresmay be explained without �ne-tuning the

1



2 Chapter 1. Introduction

Figure 1.1: Galaxy redshift survey [Sloan Digital Sky Survey (SDSS)] displaying the
large scalestructure; shown is in comoving coordinates a 5� slice of the equatorial plane
containing � 70;000 galaxies;each point represents a galaxy; the survey is not complete
yet and there are lesspoints in the right part of the plot; taken from the publication of the
SDSScollaboration in Ref. [2].

Figure 1.2: 4� slicesin northern and southern galactic hemisphereas measuredin the 2
degreeField Galaxy Redshift Survey (2dFGRS) containing � 80;000 galaxies;the survey
is already complete;taken from the review article Ref. [3], seealsoRef. [4].
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Big Bang initial conditions. Along with these questionsthe main cosmologicalpuzzles
[12, 13, 14] of the standard Big Bang scenarioare: (1) Why is the Universeso isotropic
and homogeneouson large scales,in spite of the fact that separatedregionswere causally
disconnected?(2) Why is it so 
at, i.e. why is it near critical massdensity? The �rst
question is known as the horizon problem, the secondas the 
atness problem. Other
questionsare: Why is the Universeso large? What is the origin of the Hubble expansion?
Why are there so few magneticmonopoles?

Figure 1.3: Full sky CMB map (internal linear combination map) as published by the
WMAP collaboration [7, 15]; colors refer to pixel temperatures in mK and the angular
resolution is � 1� ; NASA has made the WMAP data available via the LAMBD A archive
[16].

Aiming at answering thesequestions,the in
ationary universe hasbeenintroducedin
1980by Alan H. Guth [17]. Basically, in
ation is a phaseof rapid exponential expansion
driven by vacuum energy which provides a large negative pressurewith repulsive grav-
it y. The simplest realization introducesa single scalar background �eld, called in
aton
�eld. During the rapid expansionthe Universehas supercooled. Soon after the invention
of the in
ationary scenarioit was realized that quantum 
uctuations of the �eld driving
in
ation provide a very natural mechanism for the formation of cosmologicalperturba-
tions [18, 19, 20, 21, 22]. Signaturesof such primordial perturbations are present both
in the CMB and LSS. In the in
ationary universethey have a common origin. Indeed,
primordial 
uctuations of the in
aton �eld provide initial seedsthat are ampli�ed by the
gravitational instabilit y, leading to the formation of structure in our Universe. In this
sensequantum 
uctuations of subatomic size are blown up to astrophysical scales. The
in
ationary universeredundantizes many of the required postulates of the standard Big
Bang scenario[12, 13, 14].

Although in
ation is not a fundamental theory but rather a paradigm, the in
ation-
ary universe has been proved extremely successfulin order to explain the outstanding
cosmologicalproblemsand to addressthem quantitatively. Moreover there is no convinc-
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ing alternative scenariowhich is comparably competitiv e. The �nished [23], ongoing [8],
and future [24] observations of the CMB via full-sky satellite experiments, high resolu-
tion ground based[25, 26, 27, 28] and balloon experiments [29, 30], as well as telescope
basedlarge surveys of the sky [31, 32, 33], serve as powerful tools for the understanding
of the �rst moments and the subsequent evolution of our Universe. The satellite experi-
ment PLANCK will be launched in 2007. Its missionis to measurethe anisotropiesin the
CMB radiation over the wholesky \with unprecedented sensitivity and angular resolution"
[24]. The sourceof information provided by PLANCK will allow testing theories of the
very early universeat spectacular precision. Cosmologyhas already entered a new ageof
precision.1

In order to fully utilize the high precisionexperiments we alsoneedpowerful analytical
and numerical computation tools, aswell asfast, e�cien t, and reliablecomputerprograms.
The analytical and numerical techniqueshave to cope with the precisionrequirements of
present and future observations. Such theoretical tools are necessaryin order to constrain
in
ation and to analyzecosmologicaldata and thus to �nally addressthe pressingcosmo-
logical puzzlesquantitativ ely with the highest possibleprecision. With very preciseand
reliable theoretical tools it is then possibleto discriminate betweenparticular in
ationary
models for the �rst time.

The in
ationary 
uctuations, primarily, arisefrom an e�ectively freescalar�eld and are
henceGaussianrandom �elds. They are completely characterizedby two-point statistics,
such as the power spectrum [34]. In the subsequent stagesafter cosmic in
ation the

uctuations have beenexposedto variousdynamical processes.The physicsfrom the time
where light cannot escape the primordial soup until the last scattering of the photons
can be encoded in a transfer function for radiation or matter, respectively. Once the
Universebecomestransparent for photons in the era of recombination, the CMB radiation
is released. The physical processesencoded in the transfer functions have modi�ed the
primordial power spectra leading to the power spectra of matter and radiation that we
observe today [14].

In this thesis analytical and numerical methods for precision calculations of the pri-
mordial power spectra are developed.

Weapply the method of uniform approximation [35,36,37,38,39,40,41,42] to the task
of calculating the in
ationary 
uctuations [43, 44, 45]. We calculate spectra for density
and gravitational wave perturbations along with their associated characterizing quanti-
ties. Via detailed analytical and numerical calculationsthe e�ciency and precisionof the
method will be demonstratedand, asa central issue,its error-control discussed.Certainly
direct numerical calculations can give answers for the power spectra without further ap-
proximations. But powerful analytical or semi-analytical approximations have their own
advantages. They provide intuition and understandingof a large classof di�erent models
and of the generalmechanisms. Provided tight error controls can be met, they are much

1Some cosmologicalquantities like e.g. the baryon density, the total energy density, the age of the
Universe,the time of decouplingand the scalarspectral index are already known to a few percent accuracy
and will continue to improve in the future. Although the uncertainties in selectedquantities in comparison
of LSS and CMB data may be slightly bigger (� 20%), it is fair to say that the ageof speculations is over.



1.2. The problem of reheating 5

faster than direct numerical calculationsand are thus extremelyuseful for largeparameter
studies. Indeed, direct numerical calculations may only be reasonablefor spot-checking
a small number of parametersor models. In the past, so-called\slow-roll" approxima-
tions have beenextensively used. The main idea behind the slow-roll approximation is an
expansionaround the limit of exact scaleinvariance [14]. However, the expansionmade
there, being essentially a derivative expansion,is uncontrolled. In addition, simple exten-
sionsbeyond the leading order in slow-roll parametersare not possible. Somealternative
techniques[46] have beensuggestedbut lead to rather involved expressionsfor the power
spectra and spectral indicesand, more importantly, are not error-controlled. The ultimate
accuracywith which the primordial perturbations must be calculated is of courseguided
by how accurately the matter and radiation transfer functions can be computed.2 At
present this can be donewith an accuracyof the order of 0:1% [51]. As already said, the
combination of the primordial power spectrum and the transfer functions leadsto power
spectra which can be directly comparedwith observations. One should also keepin mind
that beyond a limit of � 0:1% it may no longer be justi�ed to neglectsomeother e�ects
in the underlying treatment of the cosmologicalperturbations. The theoretical basis is
a perturbed form of Einstein's equationsin a spatially 
at Friedmann-Robertson-Walker
(FRW) universe.Beyond the �rst-order linearizedperturbation theory, the theoretical cal-
culations becomevery involved, e.g., due to the issueof gauge-invariance. Second-order
perturbations typically produce someadditional small amount of non-Gaussianity in the
perturbation spectra (see, e.g., Ref. [52] and referencestherein). Presumably it is not
meaningful at present to calculate the primordial power spectra with an accuracymuch
better than � 0:1%, i.e., without taking someof the neglectede�ects into account which
may becomeimportant when going beyond such accuracy.

We follow a twofold goal when calculating the in
ationary perturbation spectra in this
thesis. First, error-controlled uniform approximations are presented that are simple to
implement and give exquisite accuracy. Second,we utilize someof the �ndings of the
approximate strategy in order to improve the e�ciency of a numerical code which is also
developed and presented. As a net result the numerical code for calculating the power
spectra is expectedto be relatively fast.3 Using several representativ e examplesaswell as
exactly solvable models we demonstratethat primordial power spectra can be calculated
with an accuracyof the order 0:1% (or even better).

1.2 The problem of reheating

Shortly after the introduction of the in
ationary universe the problem of reheating has
beenpointed out [54]. After in
ation, the Universeis frozen in a state of extremely low
entropy without any particles. In contrast, the amount of particles in our present Universe

2This is typically done with CMBFAST [47, 48], CAMB [49, 50], or similar Boltzmann codes.
3Although other groups [53] may have developed numerical routines for their publications, no code is

on the market, sothat we cannot check di�eren t code speedsat present. We plan to publish our own codes
in the future.
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is of the order of 1090.
The �rst obvious question is how particles may have beenproducede�cien tly. When

trying to answer this question,the major problemsare: (i) there is no fundamental theory
for reheating and (ii) the full dynamics with back-reaction of quantum �elds are both
conceptionallyand numerically complexand di�cult to solve. The �rst aspect implies that,
asfor in
ation itself, e�ective modelsmust be constructed,wheresuccessfulreheatingmay
further dependon model parameterslikemasses,vacuumexpectation values(if symmetries
are spontaneously broken) or coupling constants. The secondaspect highlights someof
the more technical di�culties of nonequilibrium quantum �eld theory.

The present picture of reheatingcan be summarizedasfollows: Via resonant processes
like parametric resonancea large number of particles is producedin a relative short time
span (see,e.g., Ref. [55]). Most importantly, space-timeexpansioncan be neglected,al-
lowing us to work in Minkowski space-time. Perturbative processeslike the direct decay
of the in
aton �eld are highly suppressedand thus are not e�cien t in converting the �eld
energy of the in
aton into particles. The reasonis that the couplings of the in
aton to
other particles or to itself have to be very small.4 Resonant nonperturbative processes
do not require large coupling constants, but instead work for a wide spectrum of param-
eters. Resonant processesoccur while the in
aton �eld oscillatescoherently around the
minimum of its potential. The �rst stageof reheating in which a resonant production of
almost all particles contained in the present Universeoccurs, is called preheating. Para-
metric resonancein quantum �eld theory, in the context of preheating or reheating after
in
ation and also independent of that, has been studied by various authors (see, e.g.,
Refs. [57, 58, 59, 60, 61, 62, 63]). As long as back-reaction e�ects are less important,
parametric resonancecan even be studied within classical�eld equations. Depending on
the model, these equationsare of the Mathieu or Lam�e type and one can analyze how
the systemdynamically movesthrough regionsof stabilit y or instabilit y. Narrow or broad
resonanceregimes(or transitions between them) can be found. Once the system moves
away from the resonant regime, the perturbative decay of particles or classical �elds is
the dominant process. With more and more particles produced, the scattering of these
particles, i.e. quanta, becomesimportant and �nally leads to a thermal distribution of
particles. The temperature associated with this thermal ensemble is referred to as the
reheating temperature Treh. Baryogenesis(or leptogenesis)has to take place before ther-
modynamical equilibrium is establishedand it is thusvery natural to study the appearance
of a baryon asymmetry at the stageof reheating [64].

After in
ation ends,the Universegets\w arm" and presents itself asa soupof particles,
just aspostulated in the standard Big Bang scenario.Sincethere is no guarantee that the
initial state was \hot", in the samesensethe late entropy-rich Universeis called \hot",
the phrase\reheating" should better be understood as \defrosting".

There are di�erent observational constraints on reheating. The reheatingtemperature,

4The amplitude of scalar and tensor perturbation spectra depends on the self-coupling of the in
aton
�eld and is thus �xed by observational constraints [56]. The � � 4 model, although under strong observa-
tional pressure,requires � ' 10� 12 for instance.
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e.g.,cannot be too high. Otherwise, too many gravitinos are producedwhich is in con
ict
with the abundanceof light elements. The decay of many gravitinos after nucleosynthesis
would modify the very successfulpredictionsof the standardBig Bangnucleosynthesis(see,
e.g., Ref. [65] for somequantitativ e details). Depending on the model it is also possible
that primordial metric perturbations are generatedduring preheating. Various authors
have studied this problem (seee.g., Refs. [66, 67, 68, 69, 70, 71]). Preheating may also
imprint a signi�cant amount of non-Gaussianity in the CMB radiation [52, 71].

Thus, for reheating there are many conceptionaland observational aspects to discuss;
wehavenamedonly a few. In this thesisweareprimarily interestedin the preheatingstage,
which hasa rich dynamicalstructure by itself. In order to calculatereheatingtemperatures,
we would have to go through the full reheating stage and not just its �rst moments,
namely the preheating stage(seee.g. the discussionin Ref. [62]). The complications of
nonequilibrium quantum �eld theory requiresomefurther assumptionsand simpli�cations.

In absenceof a fundamental theory we have to considere�ective models. Particular
typesof models are chaotic in
ation models [72] with a single scalar in
aton �eld rolling
down in a relatively featurelesspotential. In
ation endsoncethe in
aton �eld expectation
valuedropsbelow the critical value,wherethe kinetic energydensity of the in
aton �eld is
bigger than its potential energydensity. Subsequently the in
aton �eld oscillatesaround
a minimum value and producesparticles (quanta) via resonant processes.Theseparticles
interact with each other and are expectedto reheat the Universe[57, 62].

In other models the in
aton �eld couplesto a second�eld that is dynamically unsta-
ble and undergoes a phasetransition which ends in
ation. The second�eld may be a
symmetry-breaking�eld analogousto the Higgs �eld postulated in the standard model of
particle physics. A phasetransition is realized in so-calledhybrid models of in
ation, or
hybrid in
ation for short [73]. The most important feature of hybrid in
ation is that the
in
aton �eld is not responsible alone for the particle production and reheating. In the
dynamically unstable regime the symmetry breaking �eld produceslots of particles via
spinodal ampli�cation and resonant processes.

In this thesiswewill developanalytical and numericalmethodswhich allow to study the
e�ects of quantum back-reaction in the nonequilibrium dynamics of coupled scalar �elds
[74]. In particular, this requires a nonperturbative approximation scheme and we face
many di�culties, usually met in nonequilibrium quantum �eld theory. Bare propagators
have to be resummedin a thermodynamically consistent way. In addition, in quantum
�eld theory we encounter divergencesand in�nities. Renormalization is thus a central
issue[75, 76]. Thesemethods are especially important to understandsomeaspectsof the
preheatingstageafter hybrid in
ation [63,77, 78, 79,80] with its associatedphasetransition
and quantum dynamics. The phasetransition ending in
ation there, is a transition from a
\false" metastablevacuumto the \true" stablevacuum. It thereby replacesmodels[63,81,
82, 83] wherea rapid decreaseof the energydensity is inducedby an instantaneousquench.
An important goal is the detailed study of this falsevacuumtransition. The analytical and
numerical methods are alsousefulunder moregeneralcircumstances.The role of quantum

uctuations and their back-reaction on the classical�elds and onto themselves has to be
addressed. Compared to previous investigations of other groups [63, 77, 78, 79, 80, 84]
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we are able to include the important e�ects of quantum back-reaction by implementing a
summation of bubble diagrams[85]. Becausewe fully renormalizeall divergent equations
we completely avoid problems like undesirableand arti�cial dependencesof the physical
observables on unphysical cut-o� parameters. Without quantum back-reaction the false
vacuum transition cannot be studied [86] becausenumerical simulations break down. We
will alsostudy in detail under which circumstancesa classicaldescription [87, 88] may be
adequateand if somelong-rangecorrelationsbuild up [89, 90]. Due to the coupling of two
scalar �elds the dynamics in hybrid models is very rich and can be complicated.

We still have to neglectre-scatteringof quanta and henceour approximation is limited
to the early-time dynamics, much before the reheating time scale is reached. Our ap-
proximation thus cannot be usedto describe the late-time thermalization processeswhich
are ultimativ ely reheating the Universe. Indeed such a computation of the full reheating
dynamicswould be extraordinary challenging,both from an analytical and from a numer-
ical point of view. However, sincewe are mainly interestedin the falsevacuum transition
that happens in the early stageof preheating, the restrictions of our approximation are
well justi�ed. Our detailed calculations provide valuable information on the dynamics in
systemsof coupledscalar �elds, as relevant for preheatingafter hybrid in
ation [74].

1.3 Publications

Someaspects of this thesis on in
ationary perturbations have already beenpublished or
presented at conferences:

1. Salman Habib, Andreas Heinen, Katrin Heitmann, Gerard Jungman and Carmen
Molina-Paris,
Characterizing in
ationary perturbations: the uniform approximation,
Phys. Rev. D70 , 083507(2004) [arXiv:astro-ph/0406134].

2. SalmanHabib, AndreasHeinen,Katrin Heitmann and Gerard Jungman,
In
ationary Perturbations and Precision Cosmology, Phys. Rev.D71 , 043518(2005),
[arXiv:astro-ph/0501130].

3. AndreasHeinen
The In
ationary Perturbation Spectrum: Numerical and Analytical Calculations,
Talk givenat the 8th Paris CosmologyColloquium \WMAP and the early Universe",
Paris, France,9-10December 2004.
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Someof the �ndings on the quantum dynamics in hybrid models have already been
published in the following article and conferenceproceedings:

4. J•urgen Baacke and AndreasHeinen,
Out-of-equilibrium evolutionof quantum�elds in the hybrid model with quantumback
reaction, Phys. Rev. D69 , 083523(2004), [arXiv:hep-ph/0311282].

5. J•urgen Baacke and AndreasHeinen,
Nonequilibrium dynamicsin scalar hybrid models, Proceedingsof the 6th Conference
on Strong and Electroweak Matter 2004(SEWM04), Helsinki, Finland, 16-19June
2004,[arXiv:hep-ph/0407064].

Other studies by the author concerningnonequilibrium quantum �eld theory in 1+1
dimensionaltoy modelswill not be consideredhere[91, 92, 93].

1.4 Plan of this thesis

The plan of this thesisis asfollows. Part I coversthe important theoretical background. In
Chap. 2 we give an overview on the theory of cosmologicalperturbations and on in
ation.
In Chap. 3 di�erent in
ationary models are reviewed. In Chap. 4 we brie
y summarize
conventional slow-roll approximation techniques which are used in this thesis only for
comparison.

In Part I I the calculation of the in
ationary perturbation spectrum is presented. In
Chap. 5 the method of uniform approximations for in
ationary perturbations is developed
in greatdetail. After highlighting someaspectsof the numerical implementation in Chap.6
we present detailed results of extensive numerical calculations in Chap. 7. The Part is
�nalized by a summary and conclusionsof the main �ndings in Chap. 8.

Part I I I covers calculations as relevant for the preheating stage after in
ation . In
Chap. 9 the application of the technique of e�ective actions is discussedand a particular
resummationschemeis worked out. The set of renormalizeddynamical equationsfor the
hybrid model is derived in detail in Chap. 10. The results of large numerical calculations
are presented and extensively discussedin Chap. 11. This Part endswith a summary and
conclusionsof the main �ndings in Chap. 12.

The thesis is completed by a couple of Appendicescovering lists of formula needed,
more technical calculations,and someadditional aspects.
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Theoretical Background
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Chapter 2

Theory of Cosmological
Perturbations and of In
ation

In this Chapter we present the theory of linearized gravitational perturbations in an ex-
panding universe. In particular, we focus on cosmologieswith 
uctuations in a universe
with a Friedmann-Robertson-Walker (FRW) background metric. Although the theory of
cosmologicalperturbations is not restricted to the in
ationary universewe will focus on
the situation wherethe 
uctuations originate from a single,scalar in
aton �eld. First, we
brie
y review the relevant cosmologicalbackground. Second,the conceptof the in
ation-
ary universeis presented, along with a discussionof its solution to the main cosmological
problems. Third, we summarizethe ingredients for a gauge-invariant treatment of classical
perturbations. The important aspects of the quantum theory of perturbations are high-
lighted subsequently. Finally, we explain how to calculatecharacteristic quantities like the
power spectrum and the spectral index.

Gauge-invariant equationsfor the 
uctuations which describe the evolution of cosmo-
logical perturbations, will be the central results here. They form the basisfrom which we
derive either approximate or numerical solutions for the perturbation spectra.

The early universeinvolvesmany di�erent physical processes.The main target of this
Chapter is to show the path to the in
ationary perturbation spectrum, rather than to
present a self-contained review on the complex theory of cosmologicalperturbations. For
detailed reviewsthe readeris referredto Refs.[12, 14, 34,94] (seealsoRef. [95] for a review
on in
ation).

2.1 Background

The background will be a FRW universewith the background line element ds given by

ds2 = g�� dx� dx� =
�
� dt2 + a2(t)
 ij (x)dxi dxj

�

= a2(� )
�
� d� 2 + 
 ij (x)dxi dxj

�
; (2.1)

13
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where


 ij (x) = � ij

�
1 +

K
4

(x2 + y2 + z2)
� � 2

: (2.2)

Herea(t) is the scalefactor and � is the conformaltime given by a(t)d� = dt. Note that we
choosea metric g�� with the signature (� 1; 1; 1; 1). A 
at universecorrespondsto K = 0,
a closedone to K = 1 and an open one to K = � 1. Thesegeometriesrefer to the three-
dimensionalspacecorresponding to the hypersurface� = const: Greek indicesrun from 0
to 3 and Latin letters denotespatial indicesrunning from 1 to 3. We alsoassumethat all
matter or radiation present can be described by a perfect 
uid. The energy-momentum
tensor then has the form

T�� = pg�� + (p + %)u� u� ; (2.3)

wherep is the pressure,u� is the velocity vector and %is the energydensity, given by the
0-0 component of the conservation law T ��

; � = 0, i.e.

_%= � 3H (%+ p): (2.4)

In Eq. (2.3) possibledissipative terms are neglected.An overdot denotesa derivative with
respect to physical time t and H is the Hubble parameter explained below. Einstein's
equation is given by

R�� �
1
2

g�� R = 8� GT�� � � g�� ; (2.5)

where G denotesNewton's constant and we have used the convention R�� = R�
�� � =

� �
��; � � � �

� �; � + � �
�� � �

� � � � �
�� � �

� � and R = R�
� [95]. For the discussionpresented here a

cosmologicalconstant � is irrelevant and thus will be omitted by setting � = 0 in the
following. From the 0-0 component and the i -i components of the Ricci tensorR�� we can
derive a special solution of Einstein's equations,the Friedmann equations

•a = �
4�
3

G(%+ 3p)a ; (2.6)

H 2(t) =
�

_a
a

� 2

=
8�
3

G%�
K
a2

: (2.7)

The Hubble parameter H = _a=a characterizesthe size of the universesince H � 1 is the
Hubble radius. Theseequationsform the basisof the standard Big Bang model.

The observation of a cosmicmicrowave background supports the idea that the universe
has beendominated by radiation at early times (t . 105yr). Today the universeis dom-
inated by matter1. The equation of state for radiation is given by p = 1

3%. Neglecting

1There is also a dark energy contributing to the total energy density, which may be encapsulatedin a
non-vanishing cosmologicalconstant � [96].
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the contribution K (this is a good approximation for small a) we �nd in the radiation
dominated era

a(t) / t1=2 ; %/ a� 4 (radiation dominated universe) : (2.8)

Similarly for a matter dominated universewith p = 0

a(t) / t2=3 ; %/ a� 3 (matter dominated universe) : (2.9)

The critical density %c is the density, which would make the universe
at. It is de�ned
by

%c �
3H 2

8� G
: (2.10)

The ratio 
 tot of the total density %tot (including the vacuum energy%� = �
8� G ) and the

critical energydensity 
 tot is given by


 tot =
%tot

%c
; (2.11)

indicating the geometry of the universe. If 
 tot = 1, we have a 
at universe, 
 tot > 1
corresponds to a closedoneand 
 tot < 1 to an open universe.The WMAP team [8] gives
a value


 tot = 1:02� 0:02 (2.12)

when�rst-y ear WMAP data and data from galaxy clustering are included in the analysis.2

At present observations are still compatible with all geometries.We will comeback to the
quantit y 
 tot in the next Section. In the following we will drop the su�x \tot". Unless
explicitly stated we will always refer with 
 to the total density.

2.2 The in
ationary paradigm

The in
ationary universe has been introduced by Alan Guth in 1980 [17] in order to
solve someof the outstanding cosmologicalproblems listed below. These problems are
fundamental weaknessesof the old Big Bang scenario.Beforecoming to the problemswe
sketch the main ideas of the in
ationary universe. The fundamental assumption is the
existenceof a state with negative pressure[17]. As obvious from Eq. (2.6), a negative
pressurep producesa repulsive form of gravit y, becauseit leadsto an accelerationof the
scalefactor a, if the pressureterm 3p dominatesover the energydensity term %.

The physics of scalar �elds makes it easy to construct states of negative pressure.
Considerthe energy-momentum tensor for a singlescalar �eld � given by

T �� = @� �@� � � g��

�
1
2

@� �@� � + V(� )
�

: (2.13)

2The �t assumesthe so-called�CDM model (dark energy plus cold dark matter).
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The pressureis given by

p =
1
3

3X

i =1

Tii =
1
2

_� 2 �
1
6

(@i � )2 � V(� ) : (2.14)

If the dynamics of � is dominated by the potential energy V(� ) we have a state with
negative pressure. The acceleratedphaseof expansionends when this is no longer the
case,i.e., when the kinetic energyequalsthe potential energy. The dynamical equation for
the in
aton �eld � is obtained as

•� (t) + 3H (t) _� (t) +
@V(� )

@�
= 0: (2.15)

The Friedmann equation follows with %= 1
2

_� 2 + V(� )

H 2(t) =
8� G

3

�
1
2

_� 2(t) + V(� )
�

: (2.16)

The featuresof the in
ationary universeare most conveniently explained in the view
of the well-known cosmologicalpuzzleswhich we list in the following (see,e.g., Refs. [13,
14, 97, 98]). Someof theseaspectsare related.

� The Univ erse is big.
It is of courseeasyto take the sizeof our Universeasa matter of fact. In addition, we
cannot put its sizein any relative context. However, the visible part of our Universe
contains the enormousnumber of � 1090 particles, i.e., the total entropy is of that
order. The obvious question is wherethis number comesfrom. This question is also
related to the 
atness problem. Without a mechanismthat can producesuch a large
number of particles or entropy from nothing, one has to postulate that almost all
the particles which our Universecontains, have beenthere right from the beginning.
In contrast to this, the in
ationary universe leads to an exponential growth of all
scales.During reheating the vacuum energyof the �eld driving in
ation is released,
mainly due to decay processesof the in
aton �eld into its own quanta and other
�elds or quanta. Starting with a modest entropy it is easierto explain S � 1090, by
exponential multiplication of a small initial number. In his paper Guth suggested
Sp = Z 3S0, whereSp is the present entropy, S0 is the initial entropy and Z is a (big)
numerical factor [17]. The expansionphaseduring in
ation is nonadiabatic, which
allows entropy to grow substantially . We will give a value for Z when discussingthe

atness problem.

� The Hubble expansion.
During the 1920sand 1930sEdwin Hubble discoveredthat the Universeis expanding
[99]. Galaxiesare moving away from each other with a recessionvelocity v = H 0d,
whered is the distanceto earth and H0 is the Hubble constant in the present epoch.
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As we have seen, the Hubble constant is part of the Friedmann equations. We
may easily take the Hubble expansionfor granted. Without in
ation the Hubble
expansionis one of the postulates of the cosmologicalmodel. In the in
ationary
universe the Hubble expansion is a consequenceof states with negative pressure
providing repulsive gravit y.3

� Homogeneit y and isotrop y.
The Universeis very homogenouson large astrophysical scales.The CMB radiation
is alsovery homogenous.After correcting the motion of the earth around the sun the
measuredintensity of the CMB radiation is the samein all directionswith a precision
of onepart in 100;000. The CMB radiation wasreleasedat a time of � 400;000years
after the Big Bang, as the primordial plasmabecametransparent. The CMB gives
thus a view on the Universeat that time, indicating that the uniformit y wasalready
establishedthen. Onecanshow that in the standardBig Bangscenariothe uniformit y
would have beenestablishedonly by processesoccurring much faster than the speed
of light. This violates causality and so the problem of uniformit y at early times is
also known as the horizon problem. In the in
ationary universethe homogeneity is
explainedby the exponential expansion.The homogeneity wasestablishedat the size
of quantum 
uctuations and hasbeenstretchedto becomelargeenoughto encompass
the whole universe.

� Flatness.
The 
atness problem is very startling. In the standard Big Bang scenariothere is no
explanation why 
 is so closeto one. The reasonis the following [17]: The Planck
time 1=mpl � 5:4� 10� 44 s is the typical time scalein which a closeduniversereaches
its maximum size. An open universereachesa value%much smaller than the critical
density at the order of this time scale.In the standard Big Bang scenario
 � 1 is an
unstableequilibrium point. Any tiny deviation from 1 would lead to 
 much bigger
or smaller than 1 during expansion,in contrast to the observation of a nearly 
at
Universe. In terms of numbers one would have to tune the initial value of 
 to 58
decimalplacesat the Planck time to endup with 
 � 1 today. Evenat the beginning
of nucleosynthesisat t � 1s it would have to be tuned to roughly 15 decimalplaces.
Otherwise the universewould never survive the required � 1010 years. Although it
is possibleto have such an extreme �ne tuning of the initial state, it doesnot seem
very likely. The situation is di�erent in the in
ationary universe. There the ratio 

is driven towards one,because


 � 1 / exp(� 2H I t); (2.17)

3One may take up the position that the question of the origin of the Hubble expansionis now replaced
by the question where the potential energy of the in
aton �eld comesfrom. However, the answer is that
the energy is provided by the gravitational �eld itself. There is no lower bound for the energy of the
gravitational �eld. The total energy can indeed be zero. See,e.g., the comments in Ref. [100] in the
context of eternal in
ation.
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whereH I is the value of the Hubble parameterduring in
ation [97]. As long as the
in
ationary period is long enoughone can start at almost any value of 
. Coming
back to the numerical factor mentioned above one needsZ & 1028 in order to have
a su�cien tly 
at universe. It is worthwhile to note that in
ation does not lead to
exact 
atness, but rather to an universethat is nearly 
at. (For a suggestionhow

atness may be parameterizedseee.g., Ref. [101].) Typically in
ationary models
lead to j
 � 1j � 10� 4.

� Absence of magnetic monop oles.
Magneticmonopolesareextremelymassiveparticlesthat carry a net magneticcharge.
Many grand uni�ed theories (GUTs) predict a fairly large number of them, but
we do not observe them. If there is, like in the in
ationary universe, a phaseof
exponential expansionwhich sets in at an energybelow the GUT-scale, the density
of relic monopoles becomesvery low. Basically the in
ationary phasedilutes the
monopole density to a completely negligible level.

� Anisotrop y of the CMB and LSS.
How can structures in the CMB be larger than the horizon? In the standard Big
Bang scenariothis seemsto violate causality. The problemof generatinganisotropies
in the CMB and the LSS is known as the causality problem. In the in
ationary
universe the situation is di�erent and there is no causality problem. During the
stage of an exponential expansion, with vacuum energy dominating, the Hubble
radius H � 1 is roughly constant. Compared to a �xed comoving scalethe Hubble
radius is shrinking. After in
ation the Hubble radius H � 1 increasesmore rapidly
than a �xed comoving scale. In Fig. 2.1 the situation is sketched schematically.
The important aspect of in
ationary universemodels is that, during the period of
in
ation, perturbations aregeneratedinside the Hubble radius, then leavethe horizon
and e�ectively freeze,becausethey lost causalcontact. Eventually they reenter the
horizon, since the Hubble radius increasesafter in
ation has ended. With further
expansionthe 
uctuations becomeperturbations on large astrophysical scales.Thus
the perturbations have their origin in quantum 
uctuations of the scalar in
aton
�eld. The duration of the in
ationary period is what determinesthe �nal \size" of
the 
uctuations.

Sofar we alsodid not specify the time scaleof in
ation. The reasonis that it depends
on the particular implementation of a successfulin
ationary model. In order to make
de�nite predictions on the perturbation spectra we have to specify V(� ) by choosing a
particular model. Di�eren t classesof in
ationary models will be discussedin Chap. 3.
However, quite typically the in
ationary phasemay take placesome10� 40 s to 10� 32 s after
the initial singularity. During the tiny amount of � 10� 35 s the Universe has enlarged
by an enormousfactor of � 1028 (from the size of an elementary particle to the size of
a grapefruit). A convenient de�nition characterizing the expansionis the number of e-
foldings de�ned via

a(t) = aend exp[� N (t)]; (2.18)
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Figure 2.1: Simpli�ed schematic sketch of the evolution of length scalesin in
ationary
universemodels; the Hubble radius 1=H (solid line) and a perturbation mode with �xed
comoving wavenumber k (straight dashedline) are shown asa function of the scalefactor
a in terms of physical distance x; aR denotesthe scalefactor where in
ation ends and
reheating starts; the scaleof the 
uctuation leaves the Hubble radius at a time t = t i (k)
and reenters at t = t f (k).

whereaend is the scalefactor at the end of in
ation. The expansionby a factor of � 1026

corresponds to N � 60 e-foldings.

2.3 Gauge invarian t treatmen t of linearized 
uctua-
tions { classical perturbations

The FRW universediscussedin the previousSectionis not yet realistically, sincethe matter
distribution in our present Universeand the CMB radiation is not entirely homogeneous.
We must include perturbations. The full line element ds may be replacedby

ds2 = g(0)
�� dx� dx� + � g�� dx� dx� ; (2.19)

whereg(0) meansthe unperturbedbackground part [the FRW universede�ned by Eq. (2.1)
in our case]and � g describes the perturbations. In generalone can distinguish between
scalar, vector, and tensor perturbations. Scalarperturbations correspond to density pertur-
bations, vector perturbations to vortical motions in the plasmaand tensorperturbations to
gravitational waves. Only scalar perturbations are gravitationally instable, meaningthat
they can provide seedsfor structure formation. During expansionvorticit y is damped.
Moreover, in single-�eld in
ation vector perturbations cannot be produced. Hence,vec-
tor perturbations are e�ectively suppressed.In the following we only considerscalar and
tensor perturbations.

The line element may be parameterizedby

ds2 = a(� )2
�
ds2

S + ds2
T

�
; (2.20)

with

ds2
S = � (1 + 2A) d� 2 + 2B j i d� dxi +

�
(1 + 2C)
 ij + 2E j i j j

�
dxi dxj (2.21)
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and

ds2
T = hij dxi dxj : (2.22)

Scalarperturbations areconstructedusingthe four scalarquantities A; B ; C; E. The three-
dimensionalcovariant derivative of a function f with respect to a coordinate i has been
denoted by f j i . For K = 0, i.e., in a spatially 
at universethe covariant derivative will
becomean ordinary partial derivative. The tensor hij parameterizingthe tensor perturba-
tions is traceless,symmetric and transverse.

A seriouscomplication in the theory of 
uctuations around the background of an ex-
panding universeis the freedomof choosing a gauge,i.e., background coordinates [102].
We can introducetwo gaugeinvariant variables� A and � B , the Bardeenpotentials

� A = A + (B 0+ HB) � (E 00+ HE 0) ; (2.23)

� B = C �
1
3

� (3) E + H(B � E 0) : (2.24)

Primes denote di�erentiation with respect to conformal time, H = a0=a = aH and � (3)

denotesthe three dimensionalspatial Laplacian.
In the longitudinal gaugethe perturbed metric becomes

ds2 = a2(� )
�
� (1 + 2� A )d� 2 + (1 + 2� C )
 ij dxi dxj

�
: (2.25)

This gaugeyields a direct physical interpretation for � A and � C . They generalizethe
Newtonian potential. The longitudinal gaugemay be understood as a \conformal Newto-
nian" gauge. The variables� A and � C are the amplitudes of the metric perturbations in
the conformal Newtonian coordinate system. The tensor perturbations, described by hij ,
themselvesare gauge-invariant.

We alsohave to introducematter perturbations. The energy-momentum tensor includ-
ing �rst order perturbations is given by

T�� = T (0)
�� + � T�� ; (2.26)

whereT (0)
�� is the unperturbed energy-momentum tensor

T (0)
�� = p(0) g(0)

�� + (p(0) + %(0) )u(0)
� u(0)

� ; (2.27)

corresponding to Eq. (2.3). The perturbation is � T�� given by

� T0
0 = � %; (2.28)

� T0
i = a� 1(%(0) + p(0) )� ui ; (2.29)

� T i
j = � � p� i

j : (2.30)

It is assumedthat all quantities are gauge-invariant quantities, constructed analogousto
the potentials � A and � C . Note that in the longitudinal gaugethe perturbations � %, � p,
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and � ui immediately correspond to perturbations of the energydensity, the pressure,and
the velocity �eld. The perturbations in the pressure� p can be re-expressedin terms of
perturbations of the (energy) density � %and the entropy per baryon via

� p =
�

@p
@%

�

S

� %+
�

@p
@S

�

%

� S = c2
s� %+ � � S ; (2.31)

wherecs has the interpretation of the adiabatic soundspeed.4

In the caseof a vanishing anisotropic stresswhich is the casefor a perfect 
uid, the
two gauge-invariant parameters� A and � C becomeidentical, i.e., � � � A = � C [34]. The
perturbed metric becomes

ds2 = a2(� )
�
� (1 + 2�) d� 2 + (1 + 2�) 
 ij dxi dxj

�
: (2.32)

The remainingtask is to derivea dynamicalequationfor �. This canbedoneby combining
the components of Einstein's equation with the equation for the pressureperturbation � p,
providing a single partial di�erential equation for the potential � (for the derivation see
Ref. [34])

� 00+ 3H(1 + c2
s)� 0 � c2

s� (3) � + [2H 0+ (1 + 3c2
s)(H 2 � K)]� = 4� Ga2� � S : (2.33)

For purely adiabatic perturbations (� S = 0) the sourceterm on the right hand side in the
above equation vanishes. This will be assumedin the following. With somechangesof
variablesthe friction term with � 0 can be eliminated. Let us de�ne w by

� � 4� G(%(0) + p(0) )1=2w = (4� G)1=2

�
H 2 � H 0+ K

a2

� 1=2

w : (2.34)

After somecalculation [34] the equation for w is obtained in the form

w00� c2
s�

(3) w �
� 00

�
w = 0; (2.35)

where

� =
H
a

�
2
3

(H 2 � H 0+ K)
� � 1=2

: (2.36)

A secondform of the evolution equation can be obtained by introducing a scalaru, which
is de�ned by the relation

� (3) w = � c� 2
s

�
d
d�

+
� 0

�

�
csu: (2.37)

4Taking into account radiation (r) and matter (m) components via %= %m + %m the parameterscs and

� are obtained as c2
s = 1

3 (1 + 3
4

%m
%r

)� 1 and � = c2
s %m

S [34].
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Becauseof the relation betweenthis de�nition and the di�erential operator which appears
in the equation for w, it can be shown that u satis�es the evolution equation

u00� c2
s�

(3) u �
z00

z
u = 0; (2.38)

where
z =

a
csH

�
H 2 � H 0+ K

� 1=2
: (2.39)

Eq. (2.38) is the main result of this Section. The gauge-independent variable u is also
related to the quantit y � via u = z� . In a comoving gauge� takeson the physical meaning
of an intrinsic curvature perturbation [103]. The intrinsic curvature perturbation � becomes
constant for super-horizonmodes[104]. It is related to the metric perturbation in a simple
way,

� (3) � = � (4� G)1=2 H 2 � H 0+ K
hc2

s

� u
z

� 0
: (2.40)

Recalling that � has the interpretation of the Newtonian gravitational potential, this
Poissonequation indicateshow u=z acts asa sourcefor the potential.

The tensorialperturbations canbederivedin a similar way. The correspondingequation
for a gauge-invariant quantit y v is obtained as

v00� c2
s�

(3) v �
a00

a
v = 0: (2.41)

If, as in the in
ationary scenario,the universeis dominated by a single (relativistic)
scalar �eld, with a background energy-momentum tensor as in Eq. (2.13), the speed of
sound is given by cs = 1. Assuming also that the universeis spatially 
at (K = 0) the
quantit y z simpli�es to

z =
a _�
H

: (2.42)

The 
uctuations of scalarand tensormodesoriginate from quantum 
uctuations of the un-
derlying matter �elds (the in
aton) and of the metric. The dynamical equationsfor scalar
and tensor 
uctuations [Eqs. (2.38) and (2.41)] reveal the form of a Klein-Gordon equa-
tion with a negative masssquared,given by � z00=z and � a00=a, respectively. Having such
canonicalevolution equationsfor scalar and density 
uctuations allows a straightforward
quantization.

2.4 Quan tization of the 
uctuations

At present a full quantum theory of gravit y is not available. However, in the context
of linearized 
uctuations around the background of an expanding universe,a consistent
quantization of cosmologicalperturbations is possible[34]. This is done by requiring the
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usual canonical commutation relations for the �elds and their canonical momenta. The
gauge-invariant formalism is very useful here, since it only involves physical degreesof
freedom. Quantization results in �xing the initial conditions for the 
uctuation modes.

At �rst, the reducedaction for scalarperturbations u is given by
Z

d4x
p


 L =
1
2

Z
d4x

p



�
u02 � 
 ij u;i u;j +

z00

z
u2

�
; (2.43)

where
 ij is the metric on background � = const: surfacesand 
 is its determinant. There
is an analogousaction for tensor perturbations.

In the quantum theory the variablesu and v becomeoperatorsand will bedenotedby û
and v̂. Without going into detail, we note that the usual canonicalcommutation relations
hold for û, �̂ u, v̂ and �̂ v, where the �̂ s denote the canonically conjugatemomenta. For a
spatially 
at universe(K = 0) we can take a basisof planewavesand expandthe operator
û as

û(� ; x) =
Z

d3p
p

2�
3

h
âkuk(� ) exp(ik � x) + ây

ku�
k(� ) exp(� ik � x)

i
: (2.44)

The complexamplitude uk(� ) satis�es

u00
k(� ) +

�
k2 �

z00(� )
z(� )

�
uk(� ) = 0: (2.45)

Solving Eq. (2.45) is the fundamental problem in determining the perturbation spectrum.
The corresponding mode equation for tensor perturbations is given by

v00
k (� ) +

�
k2 �

a00(� )
a(� )

�
vk(� ) = 0: (2.46)

Sincethe small 
uctuations are Gaussian5, the perturbation spectrum can be fully char-
acterizedby two-point correlation functions, such as the power spectrum de�ned by

h0jû(� ; x)û(� ; x + r )j0i =
Z 1

0

dk
k

sinkr
kr

Pu(� ; k) : (2.47)

2.5 Calculation of the power spectra

Eq. (2.45) and (2.46) have the mathematical form of Schr•odinger equations. A simple
approach to analytical approximation of Eqs. (2.45) and (2.46) relieson the fact that exact
solutionsexist in the limits k2 � jz00=zj, ja00=aj (short wavelength) and k2 � jz00=zj, ja00=aj
(long wavelength) or, as will be made more explicit below, as � k� ! 1 and k� ! 0� .
For scalarperturbations,

uk !
1

p
2k

e� ik �
�
k2 � jz00=zj ; � k� ! 1

�
; (2.48)

uk ! Akz
�
k2 � jz00=zj ; � k� ! 0

�
: (2.49)

5This is always true in a theory of linear approximations.
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Here, the short wavelength solution corresponds to the choice of an adiabatic vacuum
for modes on length scalesmuch smaller than the scaleset by the curvature. The long
wavelength solutions correspond to the growing mode on scalesmuch larger than the
Hubble length.

The long wavelength solution for � k = uk=z is just the (k-dependent) constant Ak of
Eq. (2.49). In order to determine the corresponding power spectrum P� (k) � PS(k), the
main task is to �x the unknown constant Ak by connectingthe two asymptotic solutions.
The situation is sketched in Fig. 2.2. The large-k regime lies in region I and the small-
k regime lies in region I I I. The two asymptotic solutions may be connectedeither by a
matching procedureperformedin region I I, typical of the slow-roll classof approximations
(seeChap. 4), or, asperformedin Chap. 5, by constructing a global interpolating solution.
OnceAk is determined,the power spectrum for � k canbecomputedin the regime(k� ! 0� )
of actual interest,

P� (k) =
k3

2� 2
j� k j2 : (2.50)

Analogoussolutionsexist for gravitational waveperturbations and the correspondingpower
spectrum Ph(k) (h is the amplitude of the two polarizations of gravitational waves).

h

zÕ
Õ(h
)/

z(
h)

Region I         Region II         Region III

Radiation

k-mode

h
_

 Inflation

Figure 2.2: Sketch of the potential barrier for density perturbations. The vertical dashed
lines delineate the three di�erent regionswhere the solution for uk is investigated as ex-
plained in the text. �� marks the point wherethe k-mode enters into the potential barrier,
the turning point. In
ation lasts over a wide � -range,extending region I I as indicated by
the arrows. In the far right of region I I I radiation dominates.

Solvingthe modeequations(2.45)and (2.46) for di�erent momenta k, the power spectra
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for scalarand tensor perturbations are obtained via

PS(k) = lim
k� ! 0�

k3

2� 2

�
�
�
�
uk(� )
z(� )

�
�
�
�

2

; (2.51)

PT (k) = lim
k� ! 0�

k3

2� 2

�
�
�
�
vk(� )
a(� )

�
�
�
�

2

; (2.52)

where we denote the power spectrum for � by PS and the index S (T) indicates scalar
(tensor) perturbations.

The tensor power spectrum is often de�ned with an additional factor as

Ph(k) = 8PT (k); (2.53)

leading to the de�nition of the tensor to scalar ratio as

R(k) =
Ph(k)
P� (k)

=
8PT (k)
PS(k)

: (2.54)

The generalizedspectral indicesfor the scalarand tensor perturbations are de�ned to
be

nS(k) = 1 +
d ln PS(k)

d ln k
; (2.55)

nT (k) =
d ln PT (k)

d ln k
: (2.56)

Running of the spectral indicesis conventionally parameterizedby the secondlogarithmic
derivative of the power spectra

� S(k) =
d ln nS(k)

d ln k
; (2.57)

� T (k) =
d ln nT (k)

d ln k
: (2.58)





Chapter 3

In
ationary Mo dels

At present a concrete fundamental theory of everything is not known and there is no
fundamental theory for the in
ationary universe. In
ation should be understood as a
classof theories. The present situation is that we have to rely on e�ective models. Some
of them are introduced ad hoc while others may be motivated from supergravit y, string
theory or other theories. Each model makesspeci�c predictions. However, there are plenty
of models around (see, e.g., Ref. [105] for a comprehensive review on particle physics
modelsof in
ation). Someof them are intuitiv e, while others appear weird to us. We will
concentrate on somespecial classesof models in this Chapter. In general,we distinguish
betweensingle-�eld in
ation models, where the background dynamics is dominated by a
singlescalar�eld, andmulti-�eld in
ation models,wheremorethan one�eld is dynamically
excited. The focus for the remainderof this part we will be on someclassesof single-�eld
in
ation. We only comment shortly on multi-�eld in
ation (or other exotic scenarios).

3.1 Single-�eld in
ation

Single-�eld in
ation classi�es in
ationary scenariosin which the background dynamics is
dominated by a singlescalarbackground �eld, the in
aton �eld � , that evolves in a given
potential V (� ). Other �elds may well be present, however they must remain in a frozen
state.1 All simple models have in common that in
ation takes place in a part of the
potential that is very 
at.

The focus in this Sectionis on chaotic [72], hybrid [73], and power-law in
ation [106].
We also investigate potentials with special features that imitate a phasetransition. We
leave out so-calledsmall-�eld in
ation modelswherethe in
ationary phasetakesplaceat
a plateau of the potential. This includes, e.g., new in
ation [107, 108], natural in
ation
[109, 110], and other scenarios.In addition we do not comment on the various \in verted"
versions,models with running parametersor other modi�ed versionsof chaotic or hybrid
in
ation [105].

1Note that we have to reconsidereventually the underlying treatment of linearized 
uctuations, if more
than one dynamical �eld is present in the in
ationary stage.

27
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3.1.1 Chaotic in
ation

Chaotic in
ation has been introduced by Andrei Linde in 1983[72]. In chaotic in
ation
the in
aton �eld � is moving towards the origin of its potential. The �eld amplitude of
� during the observable part of its motion is several times larger than mpl (the Planck
mass), hencethere is no obvious particle physics motivation for chaotic in
ation. The
in
ationary expansionends once the kinetic energy density of the �eld driving in
ation
becomessmaller than its potential energydensity. The simplest potential is given by

V(� ) =
1
2

m2� 2 ; (3.1)

which has only one parameter, the in
aton massm. The massm is constrainedby ob-
servations to be m2 � 10� 12m2

pl . Such a potential is compatible with present observations
[56, 111]. Higher monomial potentials like

V(� ) =
1
4

�� 4 ; (3.2)

or even

V(� ) = ~�m 4� p
pl � p ; (3.3)

with p=2 � 3 are under strong pressurefrom recent observations (p = 4) or consideredas
ruled out (p � 5) [56, 111,112].

In Fig. 3.1 we display a schematic sketch of a chaotic in
ation potential along with
the two stagesof in
ation and reheating. The dashedline symbolizesthe value wherethe
kinetic energyof the in
aton �eld is equalto its potential energy. The in
ationary stageis
above that line, reheatingbelow it. During reheatingthe in
aton �eld oscillatescoherently
around the minimum of its potential and produces particles via parametric resonance.
Note that in the chaotic in
ation scenariothe in
ationary expansiondoesnot start at a
metastablepoint. The terminology \chaotic" refersto the choiceof initial conditions. The
initial conditions are not known, but it turns out that they are not important [100,113].

Preheating in chaotic in
ation type models has been studied by various authors [55,
57, 58, 60, 114, 115].

3.1.2 Hybrid in
ation

Hybrid in
ation models incorporate at least two scalar �elds. One �eld is the in
aton
�eld, rolling down in its 
at potential, and the other �eld is a symmetry breaking �eld
that is trapped in a false vacuum state. Hybrid in
ation has been introduced by Linde
in Ref. [73]. The false vacuum state becomesunstable once the in
aton �eld reaches a
critical value. The symmetry breaking �eld that ends in
ation is practically zero in the
in
ationary phase,and nonzeroonly at the end of in
ation. Thus, it doesnot contribute
to the perturbation spectrum. Hybrid in
ation can be treated as single-�eld in
ation,
becausethe phasetransition endingin
ation is very rapid and doesnot leave a signatureat
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Reheating

Initial conditions
???

Inflation
f pl(0)>> M

Figure 3.1: Schematic sketch of the stagesfrom in
ation to reheating with respect to
the in
aton potential of chaotic in
ation; during reheating the in
aton �eld oscillates
coherently around the minimum of its potential and producesparticles via parametric
resonance,as indicated by the small dots and lines.

cosmologicallyrelevant scales.The only relevant contribution from the symmetry breaking
�eld during in
ation is falsevacuum energy.

The simplest potentials of hybrid in
ation contain monomial polynomials of � and a
vacuum energyterm, i.e.,

V (� ) = V0

�
1 +

�
�
� 0

� p�
: (3.4)

Via the parameters� 0 and V0, hybrid in
ation may be embeddedat very di�erent energy
scales.In particular the �eld amplitude of the in
aton �eld may be of the order of mpl or
smaller. The reasonis that the in
aton �eld doesnot necessarilycarry the major part of
the energydensity, which can be provided by V0.

Hybrid in
ation requiresadditional scalar �elds. The question about the origin of all
these�elds arises.Possiblesolutionsaresuper-symmetrictheorieswhich have a largenum-
ber of additional �elds, the scalarsuper-partnersof the fermions. Sincesuper-symmetry, if
it exists,hasto be broken in nature, the scalarsuper-partner of an \ordinary" fermion can
be relatively heavy. Hybrid potentials are also\natural" in the context of string theory or
super-gravit y (see,e.g.,Refs.[78,84, 105,116,117]). The most attractiv e featureof hybrid
models is that the in
ation �eld is only responsible for the in
ationary expansion,while
the symmetry breaking �eld reheats the universevia particle production and scattering
of the produced particles. There is no needto couple the in
aton �eld directly to other
degreesof freedom,unlike in the simpler versionsof chaotic in
ation.

The standard two-�eld model

The phasetransition ending in
ation and preheating after hybrid in
ation is the main
topic of part I I I of this thesis. For this purpose we choose a particular model for the
symmetry breaking sector(for the �elds and the coupling betweenthem).

The simplest realization of a hybrid in
ation model with two scalar �elds as proposed
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originally by Linde [73] is de�ned by the Lagrangedensity

L =
1
2

@� � @� � +
1
2

@� X @� X � V(� ; X ) ; (3.5)

with the hybrid potential

V(� ; X ) =
1
2

m2� 2 +
1
2

g2� 2X 2 +
�
4

(X 2 � v2)2 : (3.6)

For simplicity we have suppressedthe dependenceof all �elds on the space-timearguments
x = (t; x). The quantum �elds � and X , as represented by capital letters, are assumedto
have non-vanishingclassicalexpectation values

h� i = � ; (3.7)

hX i = � : (3.8)

The classicalexpectation valueswill alsobe denotedas the order parametersof the �elds.
We will refer to � (or � ) as the in
aton �eld, i.e., the �eld that couplesto gravit y, and
to X as the symmetry breaking or Higgs �eld and to � as its order parameter. The �eld
X mediates the phasetransition and is sometimesalso dubbed \w aterfall" �eld in the
literature. Note that there is no quartic self-couplingpresent in the in
aton sector.

The shape of the classicalhybrid potential V (�; � ) as de�ned by

V(�; � ) =
1
2

m2� 2 +
1
2

g2� 2� 2 +
�
4

(� 2 � v2)2 ; (3.9)

is shown in Fig. 3.2. V(�; � ) follows from the potential V(� ; X ) by replacingthe quantum
�eld operators by their classicalexpectation values.

Spino dal region

In the � direction the potential has the form of a double-well close to � � 0 and is
symmetric for larger valuesof � . The critical value is at

� c =
v
p

�
g

: (3.10)

This is preciselythe point wherethe classicalmassterm for the Higgs �eld, given by

m2
� (� ) = � �v 2 + g2� 2 ; (3.11)

is zero. In
ation stops, when the system reaches this point [73, 77]. The massm2
� is

negative in the so-calledspinodal region with � � c < � < � c and positive everywhere
else. The qualitativ e picture of this spinodal instabilit y is as follows: In the spinodal
region quantum 
uctuations are exponentially ampli�ed. The quantum 
uctuations lead
to corrections to the classicalmasses. Depending on the relative sizesof classicaland
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Figure 3.2: Genericshape of a hybrid potential V(�; � ) asa function of the classical�elds
� and � ; at the baseof this plot the contour lines of the potential are shown. Classically
the potential has two stable minima located at � = 0 and � = � �v . The potential is very

at in the � -direction closeto � � 0.

quantum contributions from the various �elds the processof entering and leaving the
spinodal region may be repeatedseveral times in a dynamical evolution. However, via the
back-reaction of the quantum 
uctuations the dynamically negative massesshould �nally
becomepositive, which stabilizes the system. The details will depend on the parameters
chosen.

In previous investigations quantum 
uctuations have been included without back re-
action [118], with back reaction in the one-loop approximation [86] and in the Hartree
approximation with an ultraviolet (UV) cuto� in a supersymmetric model including ax-
ions[78]. The model investigatedin Ref. [78] is rather special; it incorporatesseveral scalar
degreesof freedomof a non-minimal supersymmetric standard model.

It is important to note that semiclassicalone-loop approximations, which missthe back-
reaction of the quantum 
uctuations onto themselves,do not lead to a stabilization of the
system in the spinodal regime. Hence,one cannot describe the false vacuum transition
with semiclassicalone-loop approximations. We will go beyond such approximations in
this thesis.

3.1.3 Power-la w in
ation

As discussedin the previous Chapter a characteristic feature of the in
ationary universe
is an acceleratedexpansionof space-time. In many in
ationary models the scalefactor a
indeedgrows exponentially . However, strict exponential growth is not a necessaryingredi-
ent of the in
ationary paradigm. Abott and Wise [119],Lucchin and Matarrese[106]and
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other authors have discussed(shortly after the seminal paper on in
ation by Guth [17])
in
ationary cosmologiesthat are characterizedby the scalefactor growing like

a(t) / tp ; (3.12)

where p is a constant greater than one. According to the power-law growth of the scale
factor this scenariohas beennamed power-law in
ation . The starting point may be the
in
aton potential de�ned by [120]

V(� ) = V0 exp
� r

2
p

�
�

: (3.13)

The attractiv e feature of power-law in
ation is that it is one of the very few analytically
tractable models. It provides a useful foil for testing approximations. This feature has
maintained its popularity, even though the basic model is not realistic, as in
ation never
comesto an end. Characteristic of power-law in
ation is a constant spectral index. The
running of nS and nT is zero. In particular the spectral indices for scalar and tensor
perturbations are given by

nS = 4 � 2� S ; (3.14)

nT = 3 � 2� T ; (3.15)

with

� S = � T =
3
2

+
1

p � 1
: (3.16)

Note that nT = nS � 1. The scale-invariant Harrison-Zeldovich spectrum with nS = 1
corresponds to the choice p ! 1 . In that limit power-law in
ation also has a quasi-
exponential growth of the scalefactor a(t).

In Fig. 3.3wedisplay the dependenceof nS on the power p. Also plotted arethe allowed
rangesfrom recent observations of the CMB and LSS.

3.1.4 Poten tials with special features

In order to learn somethingabout the possibleform of the in
aton potential, as well as
about approximation techniques,we canconsiderarti�cial potentials, which exhibit special
features. These potentials can lead to sharp signatures in the calculated perturbation
spectra. The slow-roll approximation may fail [121]. A typical exampleis a potential with
a step [53, 121],de�ned as

V(� ) =
1
2

m2� 2

�
1 + ctanh

�
� � � step

d

� �
: (3.17)

Dependingon the parameters,the calculatedspectrum can signi�cantly di�er from a scale
invariant spectrum. Thereareoscillationsin the power spectrum. Note that the parameters
in Eq. (3.17) are already constrainedby WMAP, e.g. c � 0:001[56].
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Figure 3.3: Dependenceof the scalar spectral index nS on the power p for power-law
in
ation (solid line); also shown is the allowed range from observations of the CMB and
LSS; the area between the dashedlines corresponds to nS = 0:99 � 0:04 (only WMAP
data), and the areabetweenthe dotted lines to nS = 0:96� 0:02 (WMAP , CBI, ACBAR,
2dFGRS, and Ly-� data); these values are results of power-law �ts without running of
the spectral index and a �CDM cosmology, seeRef. [8]; from present data the Harrison-
Zeldovich choicenS = 1 cannot be excluded.
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3.2 Multi-�eld in
ation and other exotic scenarios

There are of coursemany other (more exotic) in
ationary scenarios. In a typical grand
uni�ed theory the appearanceof many scalardegreesof freedomusually cannotbeavoided.
Supersymmetry, if it exists, provides many scalardegreesof freedom. Also string theories
have many scalar �elds. Leaving asidecompletely di�erent scenarioslike brane in
ation
[122,123] (this cannot be discussedwithin \ordinary" in
ation, i.e., within the context of
Chap. 2), the potential driving in
ation can be more complex. Potentials with more than
one scalar �eld may lead to multiple in
ation, where the individual stagesare smoothly
connected,so that in
ation doesnot interrupt completely.

Observations of the temperature anisotropiesof the CMB by WMAP (�rst-y ear data
analysis, seeRefs. [8, 56]) reveal somestatistical anomaliesof the data with respect to
the �t, which assumesa nearly scaleinvariant primordial power spectrum. In particular
the low quadrupole (also observed by COBE-DRM) has stimulated a lot of speculation
[124, 125]. The potential origin of superimposedoscillations, possibly present in the pri-
mordial power spectrum, hasalsobeendiscussed[126, 127]. It shouldbe said that from an
observational point of view, all such exotic scenariosdo not seemto be requiredat present.
The Universeseemsto support very simple ideas[128]. Concerningthe low-` phenomena
of the temperature anisotropiespower spectrum, we have to study and to understandthe
data in greater detail, e.g., with respect to possibleforeground contamination. There is
the question,whether the low-` microwave background is cosmic[129].

For these reasonswe will focus on single-�eld in
ation in this thesis. Somespecial
single-�eld in
ation potentials can already lead to distinctive features in the primordial
power spectrum.



Chapter 4

The Conventional Slow-Roll
Appro ximation

In this Chapter the conceptof slow-roll approximation is brie
y reviewed. We will list the
basic equations, in particular the expressionsfor the power spectra, the spectral indices,
the running of the spectral indices,and the ratio of tensor to scalarperturbations.

Wefollow the presentation of Stewart and Lyth here[130]. A comprehensive description
of the slow-roll approximation may also be found in Ref. [131]. Early investigations, to
zeroorder in the slow-roll parameters,can be found in Refs. [18, 19, 20].

4.1 The metho d of slow-roll

Conceptionally the slow-roll expansion is an expansionaround the limit of exact scale
invariance(nS = 1). This can be madeclear from the expressionsin power-law in
ation,
wherethe slow-roll expansionbecomesexact if p ! 1 (p is the power with which the scale
factor growsin time). The relevant formula will begivenin Sec.5.4. Indeedthis observation
explainswhy the slow-roll expansionis expectedto work for all modelsproducing a scalar
spectral index closeto one.

The basisof slow-roll expansionsis a set of slow-roll parameters,de�ned by

� � �
_H

H 2
=

1
2

 
_�

H

! 2

; � n �
1

H n _�

dn+1 �
dtn+1

: (4.1)

In terms of � , � 1 and � 2 the potential z00=z, appearing in the 
uctuation equation for scalar
perturbations [Eq. (2.45)], can be written as

z00

z
= 2a2H 2

�
1 + � +

3
2

� 1 + 2�� 1 + � 2 +
1
2

� 2

�
: (4.2)

This expressionis still exact. Assumingnow that � and � 1 are constant and small, higher
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terms � n> 1 must vanish and the equation for uk is approximated by

u00
k(� ) +

�
k2 �

A
� 2

�
uk(� ) = 0; (4.3)

with
A = 2 + 6� + 3� 1 = constant : (4.4)

The solutionsto this equationareHankel functions, i.e., Besselfunctions of �rst and second
kind. An analogousequationexistsfor gravitational waves. The crucial point is that A has
to be exactly constant for the solutions to be Besselfunctions. When taking into account
higher orders of the slow-roll parametersthe quantit y A is no longer constant. There is
thus no natural extensionof the slow-roll approximation in terms of Besselfunctions. In
addition the slow-roll expansionlacks of an error-control theory.

There aresomeconceptionalquestionsconcerningthe presentation of Stewart and Lyth
[130]. A preciselyconstant value � would imply � = � � 1, while Stewart and Lyth [130]
take � and � 1 to be independently constant at di�erent values. Formally this is impossible.
Lidsey et al. discussthis aspect in Ref. [131]. However, the �nal expressionsfor the power
spectra and spectral indicesare not a�ected.

The precision of slow-roll predictions has been studied in detail in Ref. [132]. Even
secondorder approximations in the slow-roll parametersmay not be su�cien t in any case.
(We will shortly comment on counting the ordersin Sec.4.4.) As said above, the standard
slow-roll approximation runs into serious di�culties, once the assumption of � and � 1

being constant is dropped. Di�eren t ways of improving the slow-roll approximation have
been suggested,seee.g., Refs. [46, 133, 134, 135]. However, they often lead to rather
involved expressionsfor power spectra and spectral indices and, more importantly, are
not error-controlled. Other extensionsrely on particular approximations for the behavior
of the Hubble radius during in
ation [136, 137] and so do not require that � and � 1 are
independently small and constant.

It is not impossiblethough that our Universeis so closeto exact scaleinvariancethat
any error from slow-roll approximations is subdominant. Further experimental observations
of the CMB radiation and of galaxy clustering and redshift surveyswill provide an answer
in the future.

4.2 Normalized solution

The normalizedsolution to Eq. (4.3), with the correct asymptotic behavior [seeEq. (2.48)]
at small scales,is obtained as

uk(� ) =
p

�
2

ei (� + 1
2 ) �

2 (� � )1=2H (1)
� (� k� )( � � )1=2 ; (4.5)

where

� =
3
2

+ 2� + � 1 : (4.6)
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To �rst order in the slow-roll parametersthe conformal time is given by

� =
Z t dt

a(t)
' �

1
aH

1
1 � �

: (4.7)

In
ation endsonce� > 1. With help of the above equationsthe asymptotic solution in the
relevant regimek� ! 0� is obtained as

uk(� ) ! ei (� � 1
2 ) �

2 2� � 3
2

�( � )
�(3 =2)

1
2k

(� � ) � � +1 =2 : (4.8)

4.3 The power spectra

Substituting Eq. (4.8) in the generalexpression(2.51) the scalarpower spectrum, to �rst
order in the slow-roll parameters,reads[130]

PS(k) ' [1 + 2(2 � ln 2 � b)(2� + � 1) � 2� ]
2G
�

H 4

_� 2

�
�
�
�
aH = k

; (4.9)

whereb is the Euler-Mascheroni constant, 2 � ln 2 � b ' 0:7296and ln 2 + b� 1 ' 0:2704.
Note that the power spectrum is just rewritten in terms of the valuesthe quantities had
when the Hubble radius was crossed(aH = k). Nevertheless,it is the asymptotic power
spectrum in the limit k� ! 0� or k=aH ! 0� .

Similarly one�nds for tensor perturbations [130]

PT (k) ' [1 � 2(ln 2 + b� 1)� ]
2GH 2

�

�
�
�
�
aH = k

: (4.10)

4.4 Spectral indices

The scalarand tensor spectral indicesare given by [130]

nS(k) ' 1 � 4� � 2� 1 � 2(1+ c)� 2 +
1
2

(3 � 5c)�� 1

�
1
2

(3 � c)� 2
1 +

1
2

(3 � c)� 2; (4.11)

nT (k) ' � 2� � (3 + c)� 2 � (1 + c)�� 1; (4.12)

with c ' 0:08145. We will refer to these expressionsas second-order slow-roll results,
re
ecting the appearanceof second-orderand squaresof �rst-order slow-roll parameters.
The expressions

nS(k) ' 1 � 4� � 2� 1 (4.13)

and
nT (k) ' � 2� (4.14)
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are the well-known results to �rst order in the slow-roll parameters.Eqs. (4.13) and (4.14)
are widely usedexpressionsand will alsobe comparedto corresponding expressionsof the
uniform approximation.

It is not so obvious how we should count and name the orders in the slow-roll ap-
proximation, see,e.g., the discussionin Ref. [131]. We have avoided a terminology like
lowest-order and next-to-lowestorder. The latter would correspond to Eqs. (4.9){(4.12)
and, obviously, involvesdi�erent ordersof the slow-roll parametersin the expressionsfor
PS and nS.

4.5 Further appro ximation of the background dynam-
ics

So far all slow-roll expressionshave beenusedwithout actually approximating the back-
ground equationfor the in
aton �eld � . Basedon a Taylor expansionin the potential V (� )
and its derivatives,Liddle and Lyth [138]introducedan approximation for the background
equations. This approach (formalized and expandedto higher ordersby Liddle, Parsons,
and Barrow [139]) leads to a simpli�cation of the slow-roll parameters in the following
form:

� =
1
2

�
V 0

V

� 2

�
1
3

�
V 0

V

� 4

+
1
3

V 02V 00

V 3
; (4.15)

� 1 =
1
2

�
V 0

V

� 2

�
V 00

V
�

2
3

�
V 0

V

� 4

�
1
3

�
V 00

V

� 2

+
4
3

V 02V 00

V 3
+ O(V 000): (4.16)

Here we have followed the conventions of Stewart and Lyth [130]. Expanding the slow-
roll parametersin terms of derivatives of the potential is quite popular in the literature.
One reason, presumably, is that one does not have to solve the background equations
numerically, which rendersthe \design" of a potential V (� ) simpler. Being an asymptotic
expansion,this approximation will lead to extra errors, which can becomelarge. We will
explicitly demonstratethis when discussingparticular models.



Part I I

Calculation of the In
ationary
Perturbation Spectrum
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Chapter 5

The Uniform Appro ximation

In this Chapter we describe the method of uniform approximation for the calculation of
in
ationary perturbations, �rst presented in Ref. [43], and subsequently extended and
improved in Refs. [44, 45].

Historically the uniform approximation beganwith the work of Langer [35, 36, 37, 38,
39, 40] and others, and was followed by notable contributions of Olver [41, 42], which we
rely on. The method of uniform approximation employed here can be understood as a
\uniformization" of the well-known Wentzel-Kramers-Brillouin (WKB) or Liouville-Green
(LG) approximation [140, 141] in the presenceof transition points.1 The WKB approxi-
mation has also beenapplied to the problem of calculating the in
ationary perturbation
spectrum [127, 142, 143].

Asymptotic expansionsof di�erential equationsvia approximants in terms of special
functions can provide useful insight in problemswhich can be only numerically addressed.
Realistic error boundsfor the approximants, aswell asfor the physical observablesderived
from them, are of obvious importance for practical calculations.

In Sec.5.1 we present the method of uniform approximation on the basisof the di�er-
ential equationsfor the 
uctuations during in
ation. Then we turn to the calculation of
the power spectra and their characterizingquantities like, e.g.,the spectral indicesand the
ratio of tensor to scalar perturbations. The leading order approximation is presented in
Sec.5.2, the next-to-leadingorder in Sec.5.3. We will provide closedexpressionsto leading
and next-to-leadingorder with corresponding error bounds. In Sec.5.4 we will investigate
power-law in
ation which is oneof the very few analytically solvablemodels. In Sec.5.5we
investigatesimpli�cations of non-local expressionsusing local expansions.The results for
power-law in
ation together with the results from local expansionsare utilized in Sec.5.6
in order to calculate estimates of the error bounds, and in Sec. 5.7 in order to �nd a
powerful improvement strategy. Finally, in Sec.5.8 we comment on further expansionsin
terms of slow-roll parametersand calculateexpressionsfor the spectral indicesthat can be
comparedto the standard slow-roll approximation.

1Adiabatic and semiclassicalapproximations like the WKB approximation have a long history in math-
ematics and physics. A short history of the uniform approximation can be found in Ref. [42], at the end
of Chap. 11.
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42 Chapter 5. The Uniform Approximation

5.1 The metho d and general expressions

For our purpose,the key advantagesof the uniform approximation are that it doesaway
with WKB-lik e matching conditions [144], a procedure that fails to indicate the error
of the approximation, has controlled error bounds over the entire domain of interest, is
systematically improvable, and allows analytic simpli�cations in special casesof physical
interest.

We begin our discussionof the uniform approximation by making the substitution

z00(� )
z(� )

�
1
� 2

C2(� ) (5.1)

in Eq. (2.45), yielding

u00
k(� ) +

�
k2 �

C2(� )
� 2

�
uk(� ) = 0: (5.2)

A similar substitution can be madefor the caseof tensor perturbations.
If, in Eq. (5.2), we make the assumption that C is constant then an exact solution

in terms of Besselfunctions is immediate. This is the casefor power-law in
ation, see
Sec.5.4. The problem is to solve the equation when C is not constant but slowly varies
in time. Our aim is to do this without being forced to state C(� ) in any real detail. We
will now follow the presentation of Olver [42] and provide a summary of the treatment of
uniform approximation for the di�erential equation of interest (5.2).

The di�erential equation we wish to solve is of the generalform

d2u(� )
d� 2

=
�
b2g(� ) + q(� )

�
u(� ): (5.3)

Depending on the behavior of b2g(� ) + q(� ) this equation has di�erent approximating
solutions. In the casethat b2g( �� ) + q( �� ) = 0 at the point �� , so �� is a turning point, the
solution is expressedin terms of Airy functions; if g(� ) has a pole of order n � 2 the LG
approximation2 must beemployed [42]. In our casethe relevant function is � k2 + C2(� )=� 2;
we have a turning point which will depend on the explicit form of g(� ) and a pole of order
2 in the limit � ! 0� . Therefore, we have an Airy solution around the turning point
which goesover to an LG solution for conformal time approaching zero. As will be shown
later, this approximation �ts the exact behavior of the solution accurately. For the two
approximating solutions (Airy and LG), the convergencecriteria are establishedin the
following way. Assumethat we have a pole of order n � 2 at a �nite endpoint a2 and that
g(� ) and q(� ) are meromorphicfunctions of the form

g(� ) =
1

(a2 � � )2

1X

s=0

f s(a2 � � )s; (5.4)

q(� ) =
1

(a2 � � )2

1X

s=0

gs(a2 � � )s: (5.5)

2The LG approximation is essentially equivalent to the familiar Wentzel-Kramers-Brillouin (WKB)
approximation. More precisely the WKB approximation enforcescertain matching conditions [144].
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Then the error control function (seeAppendix A.1) convergesif g0 = � 1=4. For a detailed
proof of this important fact, seeRef. [42]. For the error control criteria to be satis�ed in
our case,we must make the choices

g(� ) =
1
� 2

�
C2(� ) +

1
4

�
� k2 (5.6)

�
� 2

S(� )
� 2

� k2; (5.7)

q(� ) = �
1

4� 2
: (5.8)

The �nal form of Eq. (2.45) then becomes

u00
k(� ) =

�
� k2 +

1
� 2

�
� 2

S(� ) �
1
4

� �
uk(� ) ; (5.9)

where � 2
S = (z00=z)� 2 + 1=4 and the turning point is at k2 = � 2

S( �� S)=�� 2
S. Note that the

turning point �� S is a given function of k.
In an exactly analogousfashion, the equation for the tensor modes(2.46) is written in

the form

v00
k (� ) =

�
� k2 +

1
� 2

�
� 2

T (� ) �
1
4

��
vk(� ) ; (5.10)

where� 2
T = (a00=a)� 2 + 1=4 and the turning point is at k2 = � 2

T ( �� T )=�� 2
T .

Unlike the approach of matching solutionsthrough regionsI, I I, and I I I in the potential
z00=z (seeFig. 2.2) or a00=a, the idea of a uniform approximation is to provide a single
approximating solution which convergesuniformly in all three regionswith a global, �nite
error bound. The normalization is determinedonceand for all by simply matching to the
exact solution as k ! 1 .

To continue, we follow Olver in de�ning a new independent variable � and a new
dependent variable U, given by [42]

�
�

d�
d�

� 2

= g(� ) (5.11)

and

u =
�

d�
d�

� � 1=2

U: (5.12)

In terms of the new variables,Eq. (5.3) becomes

d2U
d2�

=
�
b2� +  (� )

�
U; (5.13)
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where

 (� ) =
�
4g(� )g00(� ) � 5g02(� )

� �
16g3(� )

+
� q(� )
g(� )

+
5

16� 2
; (5.14)

2
3

� 3=2 = �
Z ��

�

p
g(� )d� ; � � �� ; (5.15)

2
3

(� � )3=2 =
Z ��

�

p
� g(� )d� ; � � �� : (5.16)

Now imagine neglecting (� ) as a �rst approximation; then the potential is purely linear
in � and the solution to the di�erential equation is given in terms of Airy functions (see
Fig. 5.1 for a plot of the Airy functions). In the next order where  (� ) is no longer
neglected,the derivation of the solution u becomesmoreinvolved. Fortunately, in Ref. [42]
the generalsolution for Eq. (5.3) in the uniform approximation to all ordersis derived with
error boundsto be

u(1)
2n+1 (b;� ) =

�
g(� )

�

� � 1=4
"

Ai( b2=3� )
nX

s=0

As(� )
b2s

+
Ai 0(b2=3� )

b4=3

n� 1X

s=0

Bs(� )
b2s

+ � (1)
2n+1

#

;

(5.17)

u(2)
2n+1 (b;� ) =

�
g(� )

�

� � 1=4
"

Bi(b2=3� )
nX

s=0

As(� )
b2s

+
Bi0(b2=3� )

b4=3

n� 1X

s=0

Bs(� )
b2s

+ � (2)
2n+1

#

;

(5.18)

with coe�cien ts de�ned by an iterativ e procedure,

A0(� ) = 1 w:l:o:g:; (5.19)

Bs(� ) =
� 1

2
p

� �

Z �

0
[ (v)As(v) � A00

s(v)]
dv

p
� v

; (5.20)

As+1 (� ) = �
1
2

B 0
s(� ) +

1
2

Z
 (� )Bs(� )d� : (5.21)

The upper signs in Eqs. (5.20) and (5.21) are to be taken on the right of the turning
point �� , i.e., if � � �� , and the lower signson the left of the turning point, equivalent to
Eqs. (5.15) and (5.16). The error terms � (1)

2n+1 and � (2)
2n+1 are discussedin Appendix A.1. In

the next and following Sections,we will calculate the leading (n = 0) and next-to-leading
order (n = 1) solution for Eqs. (5.9) and (5.10) with explicit error boundsand derive the
corresponding power spectra and spectral indices[44, 45].
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Figure 5.1: Plotted are the Airy functions: (a) Ai( x) (solid line) and Bi(x) (dashedline)
(b) Ai 0(x) (solid line) and Bi0(x) (dashedline) where the prime denotesa derivative with
respect to x.
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5.2 The leading order appro ximation

We now turn to the speci�c form of the approximating solutionsat leading order.

5.2.1 Normalized solutions with error bounds

Taking n = 0 in Eqs. (5.17) and (5.18) we �nd a solution for uk(� ) containing a part valid
to the left of the turning point (� � �� ) and a part valid to the right of the turning point
(� � �� ). The unnormalizedsolutionsare

u(1)
k; �

(� ) = u(1)
k;1; �

(� )[1 + � (1)
k;1; �

(� )]; (5.22)

u(2)
k; �

(� ) = u(2)
k;1; �

(� )[1 + � (2)
k;1; �

(� )]; (5.23)

with

u(1)
k;1; �

(� ) =
�

f
�

(k; � )
gS(k; � )

� 1=4

Ai[ f
�

(k; � )] ; (5.24)

u(2)
k;1; �

(� ) =
�

f
�

(k; � )
gS(k; � )

� 1=4

Bi[f
�

(k; � )] ; (5.25)

and

f
�

(k; � ) = �
�

�
3
2

Z �� S

�
d� 0[� gS(k; � 0)]1=2

� 2=3

; (5.26)

gS(k; � ) =
� 2

S(� )
� 2

� k2 ; (5.27)

j� (1)
k;1; �

(� )j �
1
�

M (f
�

)
E(f

�

)Ai( f
�

)

�
e� V� ;� (E) � 1

	
; (5.28)

j� (2)
k;1; �

(� )j �
1
�

E(f
�

)M (f
�

)
Bi( f

�

)

�
e� V� ;� (E) � 1

	
: (5.29)

The lower index 1 re
ects the order of the approximation, the functions with index < are
taken on the left of the turning point, and thosewith the index > are to be taken on the
right of the turning point. M (� ), N (� ), V�;� , and � are de�ned in Appendix A.1. An
estimate for � is � ' 1:04. The error control function E(� ) is given by

E(� ) = �
1
4

Z
d�

�
g� 3=2

S

�
g00

S �
5
4

(g0
S)2

gS
�

gS

� 2

��
�

5
24jf

�

j3=2
: (5.30)

Inserting the explicit expressionfor gS(k; � ), Eq. (5.27), and integrating by parts leadsto

E(� ) =
� S(� 0

S� � � S)
(� 2

S � k2� 2)3=2
+

Z
d�

4�
p

� 2
S � k2� 2

(

1 �
�

� S(� 0
S� � � S)

� 2
S � k2� 2

� 2
)

�
5

24jf
�

j3=2
:

(5.31)
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Essentially the error terms � (1;2)
k;1; �

(� ) in Eqs. (5.22) and (5.23) encapsulatethe contributions

to u(1;2)
k;1; �

(� ) beyond leading-order.The generalsolution for uk(� ) is a linear combination of

the two fundamental solutionsu(1)
k (� ) and u(2)

k (� ), viz.,

uk(� ) = Au (1)
k (� ) + Bu(2)

k (� ); (5.32)

independent of the order of the approximation. In order to �x the constants A and B we
have to construct a linear combination of u(1)

k (� ) and u(2)
k (� ) such that the result has the

form uk(� ) = e� ik � =
p

2k in the limit k ! 1 . In this limit, the domain of interest is region
I, far to the left of the turning point. In this case,for well-behaved � S, f < (k; � ) is large
and negative and we can employ the asymptotic forms [145]

Ai( � x) =
1

� 1=2x1=4
cos

�
2
3

x3=2

�
�

�
4

;

Bi( � x) = �
1

� 1=2x1=4
sin

�
2
3

x3=2

�
�

�
4

: (5.33)

Making the choices,

A =

r
�
2

ei �
4 ; B = � i

r
�
2

ei �
4 ; (5.34)

we �nd

uk;1;< (� ) = lim
� k� !1

C
p

2k
exp

�
i
3
2

[f < (k; � )]3=2
�

; (5.35)

which is the required adiabatic form of the solution at short wavelengthsand as � ! �1
( 2.5). C is a constant phase factor which is meaninglesswhen computing the power
spectrum.

The � ! 0� limit de�nes the region of interest for calculating power spectra and the
associated spectral indices. In this region, the 1=� 2 pole dominates the behavior of the
solutions and the Airy solution goesover to the LG solution. The LG form of the solu-
tion is more tractable than the Airy form, leading to simple expressionsfor the spectral
indices. We now demonstratehow the Airy solution for small � approachesthe LG solu-
tion. The linear combination of Eqs. (5.22) and (5.23) in �rst order with the appropriate
normalization is given by

uk;1; �

(� ) =

r
�
2

Cf 1=4
�

(k; � )g� 1=4
S (k; � ) [Ai( f

�

) � iBi( f
�

)] ; (5.36)

with the error bound

j� k;1; �

(� )j �

p
2

�
f exp[� V� ;� (E)] + exp[� V� ;� (E)] � 2g (5.37)

derived from Eqs. (5.28), (5.29), (A.3), and (A.5). (The explicit form of the variation
of E will be discussedbelow.) For small � we are on the right of the turning point; the
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argument of the Airy functions, i.e., f > (k; � ), becomeslargeand the Airy functions can be
approximated by [145]

Ai( x) =
1

2
p

�
x � 1=4 exp

�
�

2
3

x2=3

�
; (5.38)

Bi(x) =
1

p
�

x � 1=4 exp
�

2
3

x2=3

�
; (5.39)

which leadsto

uk;1;> (� ) =
C

p
2

g� 1=4
S (k; � )

�
1
2

exp
�

�
2
3

[f > (k; � )]3=2
�

� i exp
�

2
3

[f > (k; � )]3=2
� �

:

(5.40)

For computing the power spectra in the k� ! 0� limit, only the growing part of the
solution is relevant:

uk;1;> (� ) = lim
k� ! 0�

� iC
r

� �
2� S(� )

exp
�

2
3

[f > (k; � )]3=2
�

: (5.41)

We now discussthe variation of E. (SeeAppendix A.1 for a short discussionon the
variation of a function in general.) We are interested in the error bound of uk;1 over the
full domain of interest �1 < � < 0� , which implies � = �1 and � ! 0� . In the general
case,

V�1 ;� (E) =
X

jE(� ) � E(� )j; (5.42)

wherethe sum is over all individual monotonic subintervals (� ; � ) � (�1 ; � ) of E. In the
special caseof monotonic E over the full rangeof � the answer can be given in a simpli�ed
form: By inserting the de�nition of gS(k; � ) from Eq. (5.27) into Eq. (5.30) and integrating
by parts we �nd for the variation of the error control function:

V�1 ;� (E) =

�
�
�
�
�
�

1
2� S

�
1
4

Z
d�

�
p

� 2
S � k2� 2

(

1 �
�

� S(� 0
S� � � S)

� 2
S � k2� 2

� 2
) �

�
�
�
�
; (5.43)

whereit is understood that � has to be taken in the limit � ! 0� .

5.2.2 Power spectra

Once the approximate solutions to Eqs. (2.45) and (2.46) have beenfound in the manner
described above, the relevant power spectra can easilybe computed. The de�nition of the
scalarpower spectrum is

PS(k) = lim
k� ! 0�

k3

2� 2

�
�
�
�
uk(� )
z(� )

�
�
�
�

2

= lim
k� ! 0�

k3

2� 2

�
�
�
�
uk;1;> (� )

z(� )

�
�
�
�

2

j1 + � k;1;> (� )j2

= lim
k� ! 0�

P1;S(k)
�
1 + � P

k;1;S(� )
�

; (5.44)
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with
� P

k;1;S = 2Re� k;1;> + j� k;1;> j2 ; (5.45)

and P1;S(k) denoting the power spectrum for the scalarperturbations in the leadingorder
approximation. It is understood that all time-dependent quantities are to be evaluated in
the limit � ! 0� . Substituting the LG expressionfor uk from Eq. (5.41), we have

P1;S(k) = lim
k� ! 0�

k3

4� 2

1
jz(� )j2

� �
� S(� )

exp
�

4
3

[f > (k; � )]3=2
�

; (5.46)

with the error bound for the power spectrum given in Eq. (5.45).
The calculation for the tensor power spectrum follows along the samelines, yielding

P1;T (k) = lim
k� ! 0�

k3

4� 2

1
ja(� )j2

� �
� T (� )

exp
�

4
3

h
~f > (k; � )

i 3=2
�

; (5.47)

with the error being controlled exactly in the samemanner as in Eqs. (5.45) and (5.43)
with the subscripts S ! T and ~f (k; � ) indicating that gS(k; � ) in Eq. (5.26) has to be
replacedby gT (k; � ).

5.2.3 Ratio of tensor to scalar perturbations

The tensor to scalar ratio, R(k), is given by

R(k) =
8P1;T (k)
P1;S(k)

�
1 + � R

k;1

�
; (5.48)

with the error term

� R
k;1 =

1 + � P
k;1;T

1 + � P
k;1;S

� 1: (5.49)

Note that if � S = � T the error is identically zero. In other words, the ratio of tensor
to scalar perturbations is exact already at leading order in the uniform approximation if
� S = � T . We will comeback to this point when we discusspower-law in
ation where � is
not only constant but alsohas the samefor scalarand tensor perturbations.

5.2.4 Spectral indices

Next we discussthe evaluation of the spectral indices. In generalthe spectral index for
scalarperturbations canbeobtainedfrom the power spectrum via Eq. (2.55) and for tensor
perturbations via Eq. (2.56). Di�eren tiation of the power spectrum with respect to k is
straightforward. It is important to note that the turning point �� S is a function of k, since
k = � � S( �� S)=j �� Sj where � S( �� S) is the value of � S(� ) at the turning point � = �� S. Using
this relation, we �nd

n1;S(k) = 4 � 2k2 lim
k� ! 0�

Z �

�� S

d� 0

p
gS(k; � 0)

: (5.50)
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Following from the discussionabove, the error in the spectral index arisesonly from the
k-dependent part of the error in the power spectrum, which vanishesif � S is constant. Thus
the error in the spectral index is sensitive only to the time variation of � S. To estimatethis
error, the spectral index as written in Eq. (2.55) can be expressedvia the leading order
power spectrum in the following form:

nS(k) = 1 +
d ln(P1;S + � P

k;1;S)

d ln k

= 1 +
d ln P1;S

d ln k
+

d ln(1 + � P
k;1;S)

d ln k
(5.51)

� 1 +
d ln P1;S

d ln k
+ k

d�P
k;1;S

dk
(5.52)

� n1;S(k) + � n
k;1;S; (5.53)

with

� n
k;1;S = k

d�P
k;1;S

dk
: (5.54)

Here we have neglectederror terms of order (� P
k;1;S)2.

The above analysiscan be carried out for tensor perturbations in an identical fashion,
including the error estimation, with the replacement � S ! � T . The spectral index for
gravitational wavesis given by

n1;T (k) = 3 � 2k2 lim
k� ! 0�

Z �

�� T

d� 0

p
gT (k; � 0)

: (5.55)

5.3 The next-to-leading order appro ximation

We now turn to the speci�c form of the solutions at next-to-leading order.

5.3.1 Normalized solutions

To proceedto the next order, we �rst write the unnormalized solution for uk , following
directly from Eqs. (5.17) and (5.18):

u(1)
k;3 �

(� ) =
�

f
�

(k; � )
gS(k; � )

� 1=4

f Ai[ f
�

(k; � )] (A0[f
�

(k; � )] + A1[f �

(k; � )])

+Ai 0[f
�

(k; � )]B0[f �

(k; � )]g; (5.56)

u(2)
k;3 �

(� ) =
�

f
�

(k; � )
gS(k; � )

� 1=4

f Bi[f
�

(k; � )] (A0[f
�

(k; � )] + A1[f �

(k; � )])

+Bi 0[f
�

(k; � )]B0[f �

(k; � )]g; (5.57)
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with

A0[f �

(k; � )] = 1; (5.58)

B0[f �

(k; � )] =
� 1

2
p

� f
�

(k; � )

Z f
�

0

 (v)
p

� v
dv; (5.59)

A1[f �

(k; � )] = �
1
2

B 0
0[f

�

(k; � )] +
1
2

Z
 [f

�

]B0[f �

(k; � )]d[f
�

(k; � )]: (5.60)

The error boundsin next-to-leadingorder aregivenby [derived from Eqs.(A.1) and (A.2)]:

j� (1)
k;3; �

j � 2E � 1(f
�

)M (f
�

)Wf
�

;� ; (5.61)

j� (2)
k;3; �

j � 2E(f
�

)M (f
�

)W�;f
�

; (5.62)

with

Wf
�

;� = exp
n

2� Vf
�

;� (jf
�

j1=2B0)
o

Vf
�

;� (jf
�

j1=2B1);

(5.63)

W�;f
�

= exp
n

2� V�;f
�

(jf
�

j1=2B0)
o

V�;f
�

(jf
�

j1=2B1);

(5.64)

and

B1(f �

) =
� 1

2
p

� f
�

Z f
�

0

dv
p

� v
[ (v)A1(v) � A00

1(v)];

(5.65)

A00
1(v) = �

1
2

B 000
0 (v) +

1
2

[ 0(v)B0(v) +  (v)B 0
0(v)];

(5.66)

recursively derived from Eqs. (5.20) and (5.21).
As in leading order, the generalsolution uk(� ) is a linear combination of u(1)

k (� ) and
u(2)

k (� ). Fortunately, we will not have to calculatethe normalization again; in the limit � !
�1 the Bunch-Davies vacuum is the exact solution of the di�erential equation for uk(� ),
and, in this limit, all corrections from the next-to-leading order terms are subdominant
and of no interest.

A further simpli�cation follows from the fact that only the growing solution u(2)
k (� ) is

relevant to determining the power spectrum and spectral index and that we can restrict
ourselves to the solution for uk in the limit k� ! 0� . Employing onceagain the approx-
imation for the Bi-function for large, positive argument, Eq. (5.39), and in addition, the
approximation for its derivative,

Bi0(x) =
1

p
�

x1=4 exp
�

2
3

x2=3

�
; (5.67)
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the normalizeduk(� ) in the relevant regimeis

uk;3;> (� )
k� ! 0�

= � iC
r

�
�

� � S(� )
exp

�
2
3

[f > (k; � )]3=2
�

(5.68)

�
�

1 �
1
2

B 0
0(f > ) +

p
f > (k; � )B0(f > ) +

1
2

Z
 (f > )B0(f > )d(f > )

�
:

The error bound is given by

j� k;3;> j � 2f � 1=4
> exp

�
2
3

[f > (k; � )]3=2
�

W�;f
�

: (5.69)

5.3.2 Power spectra

Analyzing B0 in detail shows that the derivative B 0
0 and the integral over  B0 are sub-

dominant in the limit k� ! 0� . Hencethe only term leading to a correction of the power
spectrum is B0 itself. From the generalexpression(5.44), the power spectrum at next-to-
leading order is

P2;S(k)
k� ! 0�

= P1;S(k)
�
�
�1 + 2

p
f > (k; � )B0[f > (k; � )]

�
�
� ; (5.70)

with P1;S(k) asde�ned in Eq. (5.46) and

B0(f > ) =
1

2
p

f >

Z f >

0

 (v)
p

v
dv; (5.71)

 (v) =
5

16v2
+

v (4gSg00
S � 5g02

S )
16g3

S
�

v
4� 2gS

: (5.72)

The �rst term in B0 [after writing out  (v) according to Eq. (5.72)] can be integrated
immediately. The contribution from the lower integration limit, which appearsdivergent
at a �rst glance,cancelswith contributions from the other terms in the integral. This can
be shown by expanding (v) around zeroand integrating explicitly. The error bound can
be calculated in the sameway as in leading order. We �nd

PS(k) = lim
k� ! 0�

k3

2� 2

�
�
�
�
uk;3;> (� )

z(� )

�
�
�
�

2 �
1 + � P

k;3;S(� )
�

; (5.73)

with
� P

k;3;S =
2� k;3;>

uk;3;> (� )
: (5.74)

Here we have neglectedterms of quadratic order in � k;3;> .
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5.3.3 Spectral indices

The spectral index at this order, n2;S, as calculated from its de�nition (2.55), denotes

n2;S(k) = n1;S(k) + lim
k� ! 0�

2k
j1 + 2

p
f > B0j

@(
p

f > B0)
@k

; (5.75)

where n1;S(k) is given by Eq. (5.50). Evaluating the derivative of B0 with respect to k
leadsto the following expressionfor the spectral index:

n2;S(k) = n1;S(k) +
2k2

2j1 + 2
p

f > B0j
(5.76)
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dv
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�
 (v) �

15
8v2

� Z �

�� S

d� 0

p
gS

�
:

The error estimate for the spectral index can be obtained in a similar way as in leading
order, just as for the power spectrum. We �nd

nS(k) = n2;S(k) + � n
k;3;S; (5.77)

with

� n
k;3;S � k

d�P
k;3;S

dk
: (5.78)

In the caseof the errorsin next-to-leadingorder we have to evaluate W �;f
�

which is de�ned
in Eq. (5.64). This can be donein principle but the result is rather long and complicated.
Rather than calculating the integrals explicitly, we will present a simple and powerful
improvement strategy in Sec.5.7, utilizing the generalformulae at next-to-leading order
without implementing them fully.

Proceedingin the sameway as for the scalar perturbations the power spectrum and
the spectral index for the tensor perturbations, including error bounds,can be calculated.
P2;T (k) can be obtained from Eqs. (5.70){(5.72) by replacing P1;S(k) with P1;T (k) on the
r.h.s. of Eq. (5.70) and replacinggS(k; � ) and its derivativesin Eq. (5.72) by gT (k; � ) and
its derivatives. The spectral index for the tensor perturbations can easily be derived by
replacing n1;S(k) and gS(k; � ) and its derivatives in Eq. (5.76) on the right hand side by
n1;T (k) and gT (k; � ) and its derivatives.

5.4 Analytical solutions for power-la w in
ation

In order to demonstratethe accuracyof our approximation we now investigatepower-law
in
ation, where � S and � T are constant. Power-law in
ation, as de�ned by the potential
V(� ) = V0 exp(

p
2=p � ), is one of the few classesof exactly solvable models. Both the

dynamical background equationsas well as the equations for the 
uctuation modes can
be solved analytically. Exact expressionsfor the power spectra have beengiven, e.g., by
Stewart and Lyth [146]. (Seealso the discussionin Ref. [131].)
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We will restrict the discussion�rst to scalar perturbations. Tensorperturbations can
be treated in the sameway replacing � S ! � T . The equation for the scalar modes uk

[Eq. (5.9)] simpli�es to a Besselequation of the form

u00
k(� ) =

�
� k2 +

1
� 2

�
� 2

S �
1
4

��
uk(� ) ; (5.79)

where

� S = � T =
3
2

+
1

p � 1
: (5.80)

The conformal time follows from the exact expression

� = �
1

aH
1

(1=p� 1)
: (5.81)

The normalized solution with the correct asymptotic behavior at small scales(k� !
�1 ) is given by

uk(� ) =
p

�
2

(� � )1=2H (1)
� S

(� k� ) ; (5.82)

whereH (1)
� S is the Hankel function of the �rst kind of order � S [146]. Note that the solutions

are only exact up to a (meaningless)phasefactor. In Eq. (5.82) we have dropped a phase
factor ei (� S +1 =2)� =2, which is included in the expressionsof Lyth and Stewart. The solution
in Eq. (5.82) has the advantage that in the limit k� ! 0� the two orthogonal solutions
reproduce the ex and e� x asymptotic of the uniform approximation. This will facilitate
the direct comparisonof the various numerical, analytical or approximate results.3

Inserting the solution in Eq. (5.82) in the generalexpression(5.44) and calculating the
limit k� ! 0� provides the exact power spectrum

Pex
S (k) =

22� S � 2

2� 3
� 2(� S)( � k� )1� 2� S k2

�
H

a _�

� 2 �
�
�
�
k= aH

(5.83)

=
22� S � 2

� 2
e� 2� S � 2� S � 1

S (� k� )1� 2� S k2

�
1 +

1
6� S

+
1

72� 2
S

+ � � �
� �

H

a _�

� 2 �
�
�
�
k= aH

;

(5.84)

where we have used Stirling's formula to replace the � function. Note that the power
spectrum is rewritten in terms of the values the quantities had when the Hubble radius
was crossed(k=aH ! 0). This is a subtle point, see,e.g., the discussionof Eq. (5.83) in

3Solutions very similar to the one in Eq. (5.82) have been found for the slow-roll approximation, see
Sec. 4.2. Note that in Chap. 4 the quantit y � has been approximated to �rst order in the slow-roll
parameters. While for power-law in
ation both de�nitions agreeexactly, the sameis not true in general.



5.4. Analytical solutions for power-law in
ation 55

Ref. [131]. Since the k-dependenceis explicit in Eq. (5.83), the scalar spectral index is
easily found from Eq. (2.55)

nS = 4 � 2� S : (5.85)

For power-law in
ation the tensor power spectrum and the tensor spectral index are
given by

Pex
T (k) =

2
p

Pex
S (k) ; (5.86)

nT = 3 � 2� T : (5.87)

Next we turn to the corresponding expressionsin the uniform approximation. The
general expressionfor the power spectrum in leading and next-to-leading order in the
uniform approximation is given by Eq. (5.46) and Eq. (5.70), respectively. For constant
� S, the integrals which appear in theseexpressionscan be solved analytically, leading to
the results

P (1)
S (k) =

22� S � 2

� 2
e� 2� S � 2� S � 1

S (� k� )1� 2� S k2

�
H

a _�

� 2 �
�
�
�
k= aH

;

(5.88)

P (2)
S (k) =

22� S � 2

� 2
e� 2� S � 2� S � 1

S (� k� )1� 2� S k2

�
1 +

1
6� S

� �
H

a _�

� 2 �
�
�
�
k= aH

: (5.89)

Comparisonof these results with the exact power spectrum in Eq. (5.84) reveals a nice
featureof the uniform approximation for the specialcaseof power-law in
ation: Improving
the uniform approximation order by order leadsto matching correctionsto the �-function
in powers of inverse� .

A more rigorous analysis of the errors in the uniform approximation along the lines
explained in Sec.5.2 and 5.3 shows that the leading order solution is bounded by the
absolutevalue of the relative error

j� >; 1;2j �
p

2
�

1
6� S

+
�

72� 2
S

+ � � �
�

; (5.90)

where� ' 1:04 [42]. The error in the power spectrum given in Eq. (5.88) falls comfortably
within the bound.

Similarly, we can exactly solve the integrals in the expressionsfor the spectral indices
in leading and next-to-leading order, Eqs. (5.50) and (5.76). We �nd that the spectral
index in leading order is already exact

n(1)
S = n(2)

S = 4 � 2� S: (5.91)

This is an important result demonstratingthe high accuracyof the uniform approximation
already at leading order. There are no higher order correctionsto be expected sincethe
corrections to the power spectrum in secondorder, Eq. (5.89), are k-independent. We
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can also evaluate the error bound for the spectral index from Eq. (5.54) for constant �
as a cross-check: Consistent with obtaining the exact value of nS, we �nd that the error
vanishes.

Next, we give the corresponding expressionsin the slow-roll approximation. Tradition-
ally, results for slow-roll in
ation are calculated at k = aH (seeSec.4.3). Following this
choice, the result for power-law in
ation is [46]

PSR
S (k) =

H 4

4� 2 _� 2

�
1 �

2
p

(c + 1) +
2
p2

�
c2 + c �

5
2

+
� 2

4

��
: (5.92)

The scalarspectral index is given by

nSR
S = 1 �

2
p

�
2
p2

: (5.93)

Apparently, in the limit of exact scaleinvariance (nS = 1, which is the casefor p ! 1 )
the slow-roll result for nS becomesexact.

Before proceeding,we note that for power-law in
ation � = � S = � T can take values
between1:5 and 2:5 for p ! 1 and p = 2, respectively. In Fig. 5.2 we display the relative
error of the power spectrum in the uniform approximation to leading-order(LO), next-to-
leadingorder (NLO) and to next-to-next-to-leadingorder (NNLO) asa function of � . The
relative errors are � 10%at LO, � 0:5% at NLO and � 0:1% at NNLO, respectively. The
error of the power spectrum in the uniform approximation doesnot changedramatically
as a function of � . This robustnessof the error control is a key feature of the uniform
approximation.

Slow-roll is known to be inaccuratefor small valuesof p [132]. We thereforepick p = 2
as a test case|equiv alent to � S = 5=2. The slow-roll result for the scalarpower-spectrum
to �rst order in the slow-roll parametershasan error of almost 30%[44], while the leading-
order uniform approximation hasan error of roughly 7%(seeFig. 5.2). The slow-roll result
to secondorder in the slow-roll parametersis still inaccurate to 9%, which is worsethan
the result from the uniform approximation at leading order. The uniform approximation
at next-to-leading order has the remarkably small error of only 0.2% (seeFig. 5.2). This
is a very encouragingresult.

In addition we can comparethe spectral index for power-law in
ation. For the case
p = 2, the slow-roll approximation clearlydoesnot leadto a good answer, asthe exactresult
is nS = � 1 while the slow-roll answer is nS = � 0:5 (second-orderresult). Of coursep = 2
doesnot represent a realistic model for in
ation. At higher valuesof p the slow-roll answer
improves dramatically. The amplitude of the power spectrum in slow-roll approximation
alsoenhancesrapidly for larger valuesof p. It becomesexact only for p ! 1 . In Fig. 5.3
we display the relative error of nS in the slow-roll approximation to �rst and secondorder
in the slow-roll parameterswhich corresponds to the �rst and secondinversepowers in p
[seeEq. (5.93)]. At p � 10 the result to secondorder in the slow-roll parametersis smaller
than � 0:1%. Note that this result holds only for power-law in
ation with no running of
the spectral index. The uniform approximation for nS is exact already at leading-order,
independent of the choiceof the power p.
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As we will show in Sec.5.7 the results for power-law in
ation are very useful in order
to improve the accuracyof the leading-orderuniform approximation in the caseof time-
dependent � .

5.5 Lo cal appro ximations:
Expansion around the turning poin ts

After we have discussedthe � = const: casein detail, we now turn back to the generalcase
of time dependent � S and � T .

The results for the power spectra and the spectral indices to leading and next-to-
leadingorder in the uniform approximation are non-local expressions.In order to compare
them with conventional slow-roll results it is desirableto have local expressionsfor some
physical quantities of interest. Moreover, local approximations will turn out to be very
useful simplifying the calculation of the error control functions and improving accuracyof
the leadingorder expressions(seeSec.5.6 and 5.7). Again the analysisis identical for the
scalarand tensor casesso we addressthe scalarcase�rst.

We note that the leading-orderpower spectra in the uniform approximation involve
integrals of the form [see,e.g.,Eq. (5.46)]

I 1(k) =
Z �

�� S

d�
p

gS(k; � ) =
Z �

�� S

d�

s
� 2

S(� )
� 2

� k2 : (5.94)

The leading order expressionsfor the spectral indices involve integrals with a square-root
singularity at the turning point �� S, i.e., [see,e.g.,Eq. (5.50)]

I � 1(k) =
Z �

�� S

d�
p

gS(k; � )
=

Z �

�� S

d�
q

� 2
S (� )
� 2 � k2

: (5.95)

Similar integrals appear in the caseof tensor perturbations, with � S replacedby � T . In
the relevant limit k� ! 0� , where the perturbation spectra are calculated, the integrals
are dominated by the pole term 1=� 2 under the squareroot. The integrand in the integral
I � 1 vanishesindeed linearity in this limit. In addition, for many in
ationary models � S

is also slowly varying with time. It is therefore justi�ed to expand � S in a Taylor series.
Including terms up to secondorder derivatives, � S(� ) reads

� 2
S(� ) = �� 2

S + 2�� S �� 0
S (� � �� S) + ( �� 02

S + �� 00
S �� S)( � � �� S)2 + O[(� � �� S)3] : (5.96)

The bar indicates that the quantities are evaluated at the turning point �� , de�ned by
k�� = � � ( �� ). The turning point is k-dependent and so is, e.g., �� S. If in Eq. (5.96) only the
�rst term of the Taylor seriesis included, the terminology ultra-local (approximation) will
be used.

With the expansionin Eq. (5.96) the integrals in Eqs. (5.94) and (5.95) can be solved
exactly. Solutions from the ultra-local part of a local expansionof � S correspond to the
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results from the caseof power-law in
ation, with � S replacedby �� S and analogously� T

replacedby �� S.
As an examplewenow calculatethe scalarspectral index at leadingorder in the uniform

approximation as given by Eq. (5.50). To secondorder in derivativeswe �nd

nS(k) ' 4 � 2�� S

�
1 �

�� 0
S

�� S
�� S

�
1 �

�
2

�
+

�� 2
S

2

�
�� 02

S

�� 2
S

(2 � � ) +
�� 00

S

�� S
(1 � � )

� �
: (5.97)

This is a simpli�cation of the non-local result. For the tensor spectral index we �nd
analogously

nT (k) ' 3 � 2�� T

�
1 �

�� 0
T

�� T
�� T

�
1 �

�
2

�
+

�� 2
T

2

�
�� 02

T

�� 2
T

(2 � � ) +
�� 00

T

�� T
(1 � � )

��
: (5.98)

Using simple test functions with a mild variation of the potential � , we have veri�ed that
it is adequate(at the one percent level) to keep terms up to secondorder derivatives.
The accuracyof such simpli�ed leading-orderresultswill alsobe checked numerically with
several representativ e examplesin Chap. 7.

5.6 Estimate of the leading-order error bound

Although we can calculate (in principle) the error bound for the power spectra from the
generalexpressionsin Eqs. (5.28) and (5.30), it is convenient to have simpler estimatesfor
the errors.

Webeginby consideringthe caseof constant � , wherethe k-independent error boundfor
the power spectrum in leadingorder of the uniform approximation is found by substituting
Eq. (5.90) in Eq. (5.45)

j� P
1 j � 2

p
2

�
1
6�

+
�

72� 2
+

1

36
p

2� 2
+ � � �

�
; (5.99)

the generic� denoting either of � S or � T . This bound is rigorous and useful, though the
prefactor is not optimally sharp for the caseof constant � .

Supposenow that � (� ) varies slowly with time. Fix k and considerthe value of � (� )
at the turning point �� (k), de�ned by k�� = � � ( �� ). Given the slow variation of � (� ), this
value �� (k) is a slowly varying function of k. By expanding the expressionfor the error
control function of Eq. (5.30) locally around the turning point as in the previousSection,
we obtain what is e�ectively a derivative expansionof the error term. The leadingterm in
this expansion,which is free of derivatives,has the sameform as the expressionabove for
constant � , though it now carriesthe mild k-dependenceof the variable-� case,

j� P
k;1j . 2

p
2

�
1

6�� (k)
+

�
72�� 2(k)

+
1

36
p

2�� 2(k)
+ � � �

�
: (5.100)

This bound is not meant to berigorous,sincehigherorder terms in the derivativeexpansion
are not included. However, it is e�ective and useful in the caseof slowly varying � (� ).
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Before proceeding,we make a few observations on the nature of the error terms. In
the caseof constant � , i.e., for power-law in
ation, we have seenthat the spectral index
is exact already at leading order of the uniform approximation. All higher orders lead to
a k-independent amplitude correction for the power spectrum. Because� S = � T in the
constant � case,the ratio of tensor to scalarperturbations is alsoexact.

5.7 A simple and powerful impro vement of the lead-
ing order

The next-to-leading order results for uk and vk and the corresponding power spectra and
spectral indices contain several integrals over � , which are tedious to evaluate [see,e.g.,
Eqs. (5.70) and (5.76)]. In contrast, the results at next-to-leading order for the caseof
constant � turned out to be very simple. In essence,higher order terms in the uniform
approximation generatea prefactor which occurs in the Stirling seriesfor �( � ) [147]. In
particular

� 2(� ) =
1

2�
e� 2� � 2� � 1

�
1 +

1
6�

+
1

72� 2
�

31
6480� 3

�
139

155520� 4
+ : : :

�
(5.101)

�
1

2�
e� 2� � 2� � 1[� � (� )]2 (5.102)

with
� � (� ) � 1 +

1
12�

+
1

288� 2
�

139
51840� 3

+ � � � : (5.103)

Weknow this prefactora-priori to bepresent in the caseof constant � (seeSec.5.4). The all-
ordersprefactor [� � (� )]2 improves the normalization of the power spectrum dramatically.
The �rst and secondterm represent the leadingorderand next-to-leadingordercorrections,
respectively.

The natural question arisesas to whether or not it is possibleto utilize theseresults
to improve the leading order expressionswithout recourseto full computation of the sub-
leading approximations.

For most viable in
ationary models,� variesslowly and correctionsfrom the derivatives
of � are sub-dominant. The full next-to-leading order machinery may not be required if �
is su�cien tly well-behaved. In this Section we implement this idea and derive improved
leading-orderresults for the power spectra. Note that, at leadingorder, the spectral index
is exact for constant � . Thus, the main improvement is to be expected in the amplitude
of the power spectrum.

First, we make two important observations: (i) The next-to-leading order expression
for the power spectrum [see,e.g,Eq. (5.70)] has the form of a multiplicativ e correction to
the leadingorder power spectrum and (ii) the correctionfactor involvesa non-local integral
expression.

For the caseof constant � this correction factor reducesat next-to-leadingorder to the
k-independent normalization correction, as given by the �rst two terms in Eq. (5.103).
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For time-dependent and slowly varying � (� ), the error bound for the power spectrum is
in fact dominatedby an amplitude prefactor which hasonly a subdominant contribution to
the spectral index. This canbe understood asfollows. Supposethat we split the scattering
potential in the form

� 2(� ) �
1
4

= �� 2 �
1
4

+ � 2(� ) � �� 2; (5.104)

and choosethe � -independent but k-dependent constant �� (k) to be the valueof � (� ) at the
turning point. This splitting allows us to identify two separatecontributions to the total
error term for the power spectrum,

� P
k;1 = �� + ~�: (5.105)

The term �� arisessolely from the ultra-local contribution in the derivative expansionof � ,
and by explicit calculation it is known to be of the form

�� = [� � ( �� )]2 � 1 (5.106)

=
1

6�� (k)
+

1
72�� 2(k)

�
31

6480�� 3(k)
�

139
155520�� 4(k)

+ � � � :

We do not have to calculate the error term �� with the ultra-local approximation � (S) ' ��
explicitly, sincethis is the sameas for constant � with � replacedby �� (k), i.e., Eq. (5.103)
can be usedimmediately. The remaining error term ~� satis�es an integral equation of the
form consideredby Olver [42], with a reducedinhomogeneity; explicit calculation leadsto
the rigorousbound

j~� j �
V(E � �E)

V( �E)
[1 + O(j�� j)] j�� j : (5.107)

Here E is the full error control function, �E is the error control function for the caseof
constant � = �� (k), and V(�) indicates total variation as de�ned in Appendix A.1.

In the genericcaseof slowly varying � (� ) this expressionclearly shows that ~� is signif-
icantly reducedin comparisonto �� . Thereforewe are motivated to absorb the ultra-local
contributions from higher order corrections into the power spectrum, leading to an im-
proved leading-orderexpression

~P1(k) = P1(k)[� � ( �� )]2: (5.108)

This improvement appliesto both the scalarand tensorpower spectra,with � S(� ) and � T (� )
respectively. Sincetypical valuesof � � 2 occur for both scalarand tensor
uctuations, the
terms on the right hand side of Eq. (5.108) correspond to amplitude correctionsof order
10%,0:35%,0:06%,and 0:006%,respectively (seeFig. 5.2). Thesecanbe viewed primarily
as local normalization corrections.

To complete the discussion,we can obtain a non-rigorousestimate for the size of ~� ,
again using a derivative expansionin E to isolate the leading local contributions. In this
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expansion,the leadingderivative-freeterms in E� �E must cancel,and thereforethe leading
term is proportional to the �rst derivative of � (� ). We �nd

j~� j .
3
2

�
�
�
�
�� 0

k

�
�
�
� [1 + O(j�� j)] j�� j

.
1

4�� (k)

�
�
�
�
d ln �� (k)

d ln k

�
�
�
�

�
1 + O

�
1

�� (k)

��
; (5.109)

wherewe have usedthe chain rule to write the derivative in terms of a derivative of �� (k)
with respect to k and have used the explicit form for �� (k) [45]. It is understood that
this is not a rigorous inequality, since we have neglectedthe higher order terms in the
derivative expansion,but it is well-motivated and useful for slowly-varying � (� ). This
error estimatedeterminesthe order to which the local corrections(5.108) should be taken
into account. For instance,when� is slowly varying, most of the error canbe compensated
using Eq. (5.108). Exampleswill be speci�ed in Chap. 7, wherewe explicitly demonstrate
the successof this improvement procedure. As is to be expected, the ratio R(k) is much
lesssensitive to the normalization error comparedto the amplitude of the power spectrum.
For this quantit y, the error is well estimatedby Eq. (5.109).

5.8 Slow-roll redux

It is possibleto simplify the approximate expressionsfor the spectral indices4, aspresented
in Sec.5.5, onestep further by expandingthem in terms of slow-roll parameters� and � i .
Obtaining expressionsfrom the local approximants for nS and nT [Eqs. (5.97) and (5.98)]
is straightforward: we simply expand � S, � T , and their derivatives in terms of slow-roll
parameters. A crucial point to keep in mind is the value of k in terms of which the
results are stated. In the slow-roll expansionthe evaluation of the slow-roll parametersis
traditionally given at horizon crossing,� k� ! 1, a somewhatarbitrary choicedue to the
uncontrolled nature of the approximation. As shown in detail in by Steward in Ref. [133]
calculating the slow-roll parametersat a convenient time closeto horizon crossingleads
to small �nite correctionsin power spectra and spectral indices. In our case,the natural
expansionpoint is the turning point, therefore a truly direct comparisonwith slow-roll
results, such as thoseof Ref. [46], is rather complicated.

The starting point is an expressionwhich connectsthe conformal time � with the slow-
roll parameters[131]

� ' �
1

aH

�
1 + � + 3� 2 + 2�� 1 + 15� 3 + 20� 2� 1 + 2�� 2

1 + 2�� 2 + � � �
�

: (5.110)

It follows from Eq. (5.110) that to �rst order in the slow-roll parameters, � ' � (1 +
� )=aH [this expressioncan be comparedto Eq. (4.7)]. Using Eq. (5.110) and for scalar

4Obtaining expressionsfor the power spectra is also possible. The results from the improved leading-
order uniform approximation should be used in order to do this.
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perturbations

� 2
S =

z00

z
� 2 +

1
4

; (5.111)

and the expressionfor z00=z given in Eq. (4.2), we canwrite �� S, �� 0
S �� S and �� 00

S �� 2
S in terms of �

and � n . We �nd for the di�erent contributions to secondorder in the slow-roll parameters5:

�� S =
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�� �� 1 �
1
3

�� 2
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1
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�� 2 + O(�� 3); (5.112)

�� S �� 0
S = � 4�� � 5�� �� 1 + �� 2

1 � �� 2 + O(�� 3); (5.113)

�� 2
S �� 00

S = 4�� 2 + 5�� �� 1 � �� 2
1 + �� 2 + O(�� 3) : (5.114)

As before,the bar indicatesthat the slow-roll parametersareto becalculatedat the turning
point, and O(�� 3) represents all slow-roll terms of third order and higher. Finally, inserting
Eqs. (5.112)-(5.114)into the local expressionfor the scalarspectral index (5.97) allows us
to write the spectral index in terms of slow-roll parameters:

nS(k) ' 1 � 4�� � 2�� 1 � 8�� 2

�
17
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� �
�

� 10�� �� 1

�
73
30

� �
�

(5.115)

+2( �� 2
1 � �� 2)

�
11
6

� �
�

:

Thus, starting from the non-local expressionfor the scalar spectral index given by the
leading-orderuniform approximation [Eq. (5.50)], we have arrived at a local expressionfor
nS in terms of slow-roll parametersby employing two expansions:First we expandedthe
integrand in the expressionfor the spectral index in a derivative expansionin �� S, to solve
the integral in Eq. (5.50). Then we further expandedthe result in slow-roll parameters.
However, the two expansionsare not independent; had we decidedto stop the expansion
in derivativesin � S after the �rst term we would not have obtained the secondorder slow-
roll contributions from the expansionof the secondderivative of � S. If one wants results
quoted to someorder in slow-roll parameters,this requiresgoing up to a �nite order in
derivativesof �� S; however, written in this way, it is a priori not obvious which expansionis
the dominant one|either the expansionin derivativesof �� S or the expansionin slow-roll
parameters. In the absenceof further information regarding � S itself, the questioncannot
be answered satisfactorily. This demonstratesone of the inherent di�culties of deriving
higher order expressionsfor the spectral index via Taylor expansionswithout having a
well-de�ned error bound.

The analogousresult in the slow-roll approximation [Eq. (4.11)] agreesto �rst order
in the slow-roll parameters[Eq. (4.13)]. The forms of the higher order contributions are
apparently di�erent due to the di�erence in evaluation points and the di�erent approxima-
tions employed. However, both results should be treated with somecaution: (i) Without
an error control theory, it is not clearthat inclusionof higher order terms actually improves

5In Ref. [44] we have given the expressionincluding third-order terms.
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the accuracyof the result (convergenceis not guaranteed sincethe Taylor expansionleads
only to an asymptotic expansion); (ii) the evaluation point of the slow-roll parameters
leadsto an uncertainty in the calculation|if one really wants results accurateto the per
cent level, this uncertainty is important. In order to obtain results with high accuracy,
error controlled approximations are necessary.

For completenesswealsogive the equivalent result for the tensorspectral index, derived
from a slow-roll expansionof the local result, Eq. (5.98). We �nd

nT (k) ' � 2�� �
�

34
3

� 3�
�

�� 2 �
�

28
3

� 3�
�

�� �� 1 ; (5.116)

wherewe have used
a00

a
= 2a2H 2

�
1 �

1
2

�
�

: (5.117)

As for the scalar spectral index, the result agreeswith Eq. (4.12) to �rst order in the
slow-roll parameters.



Chapter 6

Numerical Implemen tation

In this Chapter we describe the numerical implementation of the exact mode-by-mode in-
tegration and the uniform approximation and its simpli�cations. Someadditional technical
details can be found in Appendix A.2. Sincethe uniform approximation is useful both in
setting initial conditions for the exact numerical solution, and asa completesemi-analytic
method in its own right, we discussit �rst below (Sec.6.1). The exact mode-by-mode in-
tegration follows in Sec.6.2. A dedicatedtest of power-law in
ation posesasa benchmark
for testing the accuracyof the various numerical implementations. Important results are
presented in Sec.6.3.

6.1 Leading-order uniform appro ximation:
Numerical issues

6.1.1 Preliminaries

We begin by addressingsome technical points and introducing conventions. Since the
conformal time is de�ned only up to a constant, we set it to zeroat the end of in
ation. If
the given model doesnot have a natural end to in
ation this point is somewhatarbitrary
and we set � to zerotypically a number of e-foldsafter the highestmode of interest freezes
out.

The power spectrum and the spectral index are to be calculated in the limit k� ! 0� ,
so that the LG approximation can be used. To avoid accumulation of numerical error,
however, thesequantities should not be calculateddirectly in this limit. Sincethe freeze-
out happenssoon after the turning point is crossed,the computation is carried out some
e-foldsafter the turning point for each respective mode,but well beforethe endof in
ation.
The linear combination of both solutions to the mode equations,in terms of Ai- and Bi-
functions, is then completely dominated by the exponentially growing part. We found
that carrying out the computations four or �v e e-foldsafter the respective turning point
provided su�cien t accuracy.

65
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In the computationsdescribed below, the Ai- and Bi-functions werecalculatedwith the
algorithm given in Ref. [148].

6.1.2 The mo de solutions

The full solutions uk;1;> (� ) and uk;1;< (� ) are not neededfor the calculation of the power
spectrum and the spectral index. Nevertheless,it is useful to calculate someof them for
selectedmomenta k in order to comparethe leading order uniform solutions to the exact
numerical solutions found from a mode-by-mode integration of the di�erential equations.
For � < �� we can calculate the integrals appearing in f < (k; � ), as de�ned in Eq. (5.26)
numerically via Z ��

�
d� 0

p
g(k; � 0) =

� Z � i

�
+

Z ��

� i

�
d� 0

p
g(k; � 0); (6.1)

where � i is an initial value of the conformal time. In the actual numerical routine we
therefore have to know the secondintegral beforewe can calculate the uniform solutions
left of the turning point: This is achieved by an additional run of the integrator for the
background equations.

6.1.3 Power spectra and spectral indices

The power spectra for scalar and tensor perturbations in leading order of the uniform
approximation are given by Eqs. (5.46) and (5.47). The integrals are calculated using
a trapezoidal rule with non-equidistant discretization in conformal time. As mentioned
above, we avoid calculating the spectra numerically in the limit k� ! 0� , but instead do
so some4-5 e-foldsafter the turning point. In the caseof power-law in
ation analytical
resultsare available for the leadingorder contributions to the power spectra (seeSec.5.4).
We have checked that the power spectra numerically calculatedfrom Eqs.(5.46) and (5.47)
are in agreement with theseanalytic results (seeSec.6.3 for more details).

The spectral indicesin the uniform approximation may be calculatedeither by numer-
ically di�erentiating the power spectra, or by using the formulae in Eqs. (5.50) and (5.55).
In Appendix A.2.2 we describe how to deal with the inversesquareroot singularities ap-
pearing in the integrals to be performedin the secondcase.

6.2 Mo de-by-mo de numerical in tegration

6.2.1 Initial conditions and mo de functions

In order to numerically calculate the mode functions, we must satisfy the initial condition
requirement, i.e., in the limit k� ! �1 ,

uk(� ) � !
1

p
2k

e� ik � : (6.2)



6.2. Mode-by-mode numerical integration 67

Two di�culties in imposing this formal initial condition immediately arise. First, in any
numerical solution, the calculation must begin at a �nite initial time, thus for modes
with small enoughvalues of k, the condition k� ! �1 may not be ful�lled. Second,
for modesat larger k values, there are very many oscillations before the turning point is
reached,naively requiring very �ne time stepsif the entire temporal rangemust behandled
numerically.
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Figure 6.1: Imaginary (growing) part of the scalarmode function for a power-law model
with p = 11 for the mode k = 0:0214h Mpc� 1. The solid red line is the exact analytical
solution, the dashed-dottedblue line the result from the numerical solution of the exact
equations, and the dashedgreen line the uniform approximation to leading order; the
results of analytical and uniform approximation calculations are almost on top of each
other. The arrow shows the turning point and the greenband is the estimatederror bound
for the leading order uniform approximation.

To circumvent these problems, we use the uniform approximation to set initial con-
ditions in a regime where it is exponentially accurate. For each mode, we take as initial
condition the uniform approximation result at roughly 20 zeros,i.e., 10 oscillations,before
the turning point for that mode. The number of zerosfrom a given time to the turning
point can be estimated by n� � k[�� (k) � � ]. As shown below, this initialization proce-
dure suppressesnumerical errors,especially in the high-k regimewherethe precisionof the
power spectrum and the spectral index is improved without taking smaller time steps. In
addition, only a smaller number of \activ e" modes, i.e., the modesthat are within some
20 zerosbeforethe turning point and not yet frozen out, needbe consideredat any time.
In the regimeof small k, we �rst note that as in
ation hasto start somewherein practical
numerical calculations, this introducesa lowest value for k, de�ned by the criterion that
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Figure 6.2: Real (damped) part of the scalar mode function for a power-law model
following Fig. 6.1; we madeno attempt of �ne-tuning the meaninglessinitial phaseof the
numericalsolution sothat weobservea slight riseof the numericalsolution around2 e-folds
here; the absolutevalue is not a�ected (Fig. 6.3).
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Figure 6.3: The absolutevalueof the scalarmodefunction for a power-law model following
Fig. 6.1.
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the modeshouldbe well insidethe Hubble length. As the initial conditionsfor in
ation are
unknown, we will assume(i) that in
ation beganwell before the 55-65e-foldsnecessary
to solve the 
atness and horizon problems,and (ii) by the time our calculationsare to be
performed,Eq. (6.2) applies. By isolating how initial conditions are de�ned from possible
early-time artifacts, our method of implementing initial conditionsalsoleadsto substantial
improvement in the low-k regimeas well.

In Figs. 6.1, 6.2, and 6.3 we display the (growing) imaginary part, (damped) real part
and absolute value of uk for a mode with k = 0:0214h Mpc� 1 for a power-law in
ation
model. As can be seenin all cases,the uniform approximation at leading order and the
numerical resultsare very close.The error in the absolutevalue juk j (relevant to the power
spectrum) from the mode-by-mode integration is shown in Fig. 6.4. The numerical error is
lessthan 1 part in 105. To check the accuracyof the solution of the background equations,
the numerical deviationsfrom the expectedpure constant valuesfor � , � , and � 1 are shown
in Fig. 6.5; the errors are comfortably below one part per million. Detailed quantitativ e
results are given in the following Section.
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Figure 6.4: Relative error of juk j shown in Fig. 6.3 for the numerical calculation (blue
line). The arrow shows the turning point for the mode.

6.2.2 Power spectra and spectral indices

For the caseof scalarperturbations the modesfreezeout oncethe power spectrum PS(k; � ),
as de�ned in Eq. (2.51), becomesconstant as a function of conformal time, i.e., when
P0

S(k; � freeze) ' 0 at a numerically determined freeze-outtime � freeze. We found that it
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Figure 6.5: Relative errors of � , � , and � 1; model parametersare as speci�ed in Fig. 6.1.

is numerically robust to track the time derivative of PS(k; � ) to determinethis freeze-out.
The samesituation holdsfor the tensorperturbations and PT (k; � ) asde�ned in Eq. (2.52).

Once the power spectra have beenobtained, the spectral indices for scalarand tensor
perturbations are found by evaluating the derivatives of the power spectra with respect
to k, asde�ned in Eqs. (2.55) and (2.56). The derivativesare computednumerically with
non-equidistant momentum discretization due to the momentum readjustment described
in Appendix A.2.1. We take three discretization points and approximate the derivative
by a non-symmetricsecond-orderrule. In the numerical evaluation of the derivatives, for
every individual k we usetwo very closeneighboring points with � ln k � 0:01{0:02 over
the entire k-rangeconsidered.

6.3 Tests for power-la w in
ation

As one of the few analytically tractable models, power-law in
ation [106, 120] provides
a useful foil for testing approximations. This feature has maintained its popularity, even
though the basicmodel is not realistic, as in
ation never comesto an end.

We compareddetailed results from the uniform approximation in leading and next-to-
leading order with slow-roll and exact results in Sec.5.4.

Here,we usethe power-law model for testing the accuracyof our numerical implemen-
tations of the exact mode equations,as well as the uniform and slow-roll approximations.
The spectral indicesare constant, thereforethe running of the spectral index|whic h mea-
suresthe k-dependenceof nS and nT |v anishes.In addition, the ratio R(k) = 16=p of the
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Table 6.1: Numerical precision tests in the power-law case with p = 11 at k� =
0:06875h Mpc� 1 = 0:0495Mpc� 1 (h = 0:72� 0:05; the WMAP pivot scaleis at 0:05 Mpc� 1,
seeRef. [8]) in the various approximations.

Approximation R(k� ) nS(k� ) � S(k� ) nT (k� ) � T (k� )

Analytical 1.454545 0.8 0 -0.2 0
Numericala 1.454544 0.79998 < 10� 7 -0.20002 < 10� 7

Uniform, 1. orderb 1.454541 0.79992 0.00001 -0.20008 0.00001
Local approx., 0. orderb { 0.80000 < 10� 7 -0.20000 < 10� 7

Local approx., 1. orderb { 0.79999 < 10� 6 -0.20001 < 10� 6

Uniform, Slow-Roll reduxc { 0.80165 < 10� 7 -0.19835 < 10� 7

Slow-Roll, 1. orderd 1.454545 0.81818 < 10� 7 -0.18182 < 10� 7

Slow-Roll, 2. ordere { 0.80165 < 10� 7 -0.19835 < 10� 7

aMode-by-mode integration.
bAlready exact in that order.
cSeeEqs. (5.115) and (5.116).
dExpectedresults: nS = 1 � 2=p and nT = � 2=p.
eExpectedresults: nS = 1 � 2=p� 2=p2 and nT = � 2=p� 2=p2.

power spectra is constant. Instead of showing our results graphically|all curves would
be almost indistinguishable by eye|w e summarizeour �ndings in Tab. 6.1. We quote
the results for R(k), the spectral indices, and their running � S and � T at the WMAP
pivot scalek� = 0:0495Mpc� 1 [8]. We have picked the power p = 11, which is of course
much too small to be considereda realistic in
ationary model, but is perfectly acceptable
for illustrativ e purposes.In the uniform approximation there is an explicit expressionfor
the spectral indicesnS and nT , while the tensor to scalar ratio R(k) is calculated via the
amplitudes of the power spectra. In the purely numerical computation, the spectral index
is obtained by taking numerical derivativesof the power spectrum as described earlier.

The error in the exact numerical determination of the ratio of the power spectra R� (k)
is smallerthan 1 part in 106, while the numericalerror in the implementation of the uniform
approximation is slightly larger (3 parts in 106). In the caseof power-law in
ation, the
spectral indicesdo not accurately reproducethe expectedanalytic results, though they do
reproduce the expected slow-roll results to 1=p-order with the slow-roll parametersbeing
constant in time (in this case,� = � � 1 = 1=p and � 2 = 2=p2). This provides a check on
the integration of the background equations,but contains no further useful information.

For the scalar spectral index nS(k� ) we �nd a relative error in the exact numerical
calculation of 0:0025%while for the uniform approximation the relative error is roughly
0:01%. Again, no error in the numerical implementation of the slow-roll approximation
is detected. The situation for the tensor spectral index nT (k� ) is similar. The numerical
errors in the uniform approximation for the spectral indicesare slightly larger than for the
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exact numerical mode-by-mode approach due to the numerical integration of a function
with an inversesquareroot singularity. The results for � S(k� ) and � T (k� ) are very close
to zero in all cases.

In addition, we tested our improvement strategy for the uniform approximation which
should work perfectly in the caseof power-law in
ation since� is constant. We found a
relative error for PS(k) of 0:15% if we include correctionsup to 1=� 2, of 0:025%includ-
ing corrections up to 1=� 3, and of 0:01% if we include corrections up to 1=� 4 following
Eq. (5.108). The correctionsare slightly worse than anticipated but consistent with the
small error of 0:01%in the numerical implementation of the uniform approximation.



Chapter 7

Results from Numerical Calculations

7.1 Chaotic in
ation

7.1.1 Quadratic poten tial V(� ) = m2� 2=2

The simplest chaotic model is that for a free scalar �eld with massm. In this model,
normalizing the amplitude of the scalarpower spectrum to the WMAP �t, asdescribed in
Appendix A.2.3, is equivalent to �xing m2 = (1:89� 0:21) � 10� 12=8� G. The initial value
for the in
aton �eld is given by � (0) = 16:8=

p
8� G with a small initial velocity of _� (0) =

� 0:1=
p

8� G=s. Theseparametersensurethat the in
ationary phaselasts long enoughto
provide a realistic model, i.e., it leadsto 57.655e-foldsafter the k = 0:0495Mpc� 1 mode
crossesthe Hubble length.

First, weanalyzethe resultsfor the power spectraPS(k) andPT (k), plotted in Figs.7.1(a)
and 7.1(b). The exactnumerical results for the power spectra asde�ned in Eqs. (2.51) and
(2.52) are shown in red (solid line), the results from the leading-orderuniform approxima-
tion givenin Eqs.(5.46)and (5.47)areshown in green(dashedline), the �rst orderslow-roll
results as de�ned in Eqs. (4.9) and (4.10) are shown in blue (dashed-dottedline), and the
improved uniform approximation results [to second-orderin the senseof Eq. (5.108) for
the scalarperturbations] are shown in purple (dotted line). The light greenband displays
our estimate of the error bound for the leading-orderuniform approximation as given in
Eq. (5.100). The estimate error for the improved uniform approximation in leading order
[seeEq. (5.109)] is socloseto the result itself that the error band is not visible in this plot.
We will usethesecolor and linestyle assignments for the remainderof the Chapter.

The exact numerical results, the improved leading-orderuniform approximation, and
the slow-roll approximation are almost indistinguishable by eye in Fig. 7.1. The leading-
order uniform approximation deviatesin the amplitude from the exact numerical result by
� 10%asexpected. The improvement strategy performs just as predicted by Eq. (5.108):
the second-ordercorrection reducesthe error to � 0:1% while the fourth-order reduces
it further to � 0:01%, for both scalar and tensor perturbations. This consistently good
behavior is due to the fact that � is varying slowly. Note that the improvement strategy
should be carried out to roughly match the error estimate given by Eq. (5.109)|fourth-

73
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Table 7.1: Determination of the characteristic quantities for the 1
2m2� 2 chaotic in
ation

model at k� = 0:06875h Mpc� 1 = (0:0495� 0:0034)Mpc� 1 (h = 0:72� 0:05; the WMAP
pivot scaleis at k = 0:05 Mpc� 1, seeRef [8]) in the various approximations; parameters:
m2 = (1:89 � 0:21) � 10� 12=8� G, � (0) = 16:8=

p
8� G, _� (0) = � 0:1=

p
8� G=s leading to

57.655e-foldsof in
ation after horizon crossingof k=0.0495 Mpc� 1.

Approximation R(k� ) nS(k� ) � S(k� ) nT (k� ) � T (k� )

Numericala 0.13749 0.96507 -0.00064 -0.01765 -0.01779
Uniform, 1. order 0.13740(14) 0.96505(3) -0.00064 -0.01768(1) -0.01773
Uniform, imp. 1. orderb 0.13749(0) 0.96507(0) -0.00064 -0.01765(0) -0.01773
Local approx., 0. orderc { 0.96465 -0.00066 -0.01786 -0.01799
Local approx., 1. orderc { 0.96501 -0.00064 -0.01761 -0.01770
Uniform, slow-roll reduxd { 0.96566 -0.00062 -0.01757 -0.01768
Slow-Roll, 1. ordere 0.13752 0.96523 -0.00063 -0.01741 -0.01755
Slow-Roll, 2. ordere { 0.96507 -0.00064 -0.01764 -0.01779

aMode-by-mode integration.
bThe improvement here is to secondorder in powers of 1=� , cf. Eq. (5.108)
cSeeEqs. (5.97) and (5.98).
dSeeEqs. (5.115) and (5.116).
eSeeEqs. (4.11) and (4.12).
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order in this instance;beyond this point the error is dominated by other contributions.
Next we investigatethe scalarand tensorspectral indicesasfunctions of k. The results

aredisplayed in Figs. 7.2aand 7.2b. The shadedband represents the error estimatefor the
leading order of the uniform approximation [seeEq. (5.54), calculated with the estimate
in Eq. (5.106)]. The error estimate for the scalarspectral index is of the order � 0:002%,
therefore of the sameorder as the discrepancyto the numerical result. Note that the
improved scalarand tensorspectral index calculationsagreecompletelywith the numerical
results in Tab. 7.1. The deviation of the slow-roll approximation for the scalar spectral
index in �rst order from the exact numerical result is alsovery small, roughly � 0:02%. As
stated before this is not surprising: the slow-roll approximation is expected to work well
for this type of model, wherethe slow-roll parameters� and � 1 are very small and almost
constant. However, the tensor spectral index hasan error of more than 1%.

In Fig. 7.3 the ratio R(k) of tensor to scalar perturbations as de�ned in Eq. (2.54) is
shown. The corresponding relative errors of the uniform approximation, of the slow-roll
approximation, and of the improved uniform approximation are presented in Fig. 7.4. In
Fig. 7.3the linesrepresenting the di�erent approximations arepractically indistinguishable
by eye. In contrast to the relative errorsin the power spectra (� 10%without improvement
and � 0:01%with fourth-order improvement), the relativeerror in the tensorto scalarratio
R(k) is already smaller than � 0:07%(dashedline in Fig. 7.4) without the improvement,
and smaller than � 0:001%,i.e., practically exact, with second-orderimprovement (solid
line in Fig. 7.4) (cf. Sec.5.7). There is no point in improving further sincethe result has
alreadyreached the estimatederror threshold (5.109)beyond which improvement becomes
incomplete. This behavior is a general feature of the approximation when the in
ation
model leadsto a slowly varying � (� ).

Finally, wehave listed the ratio of tensorto scalarperturbations, the scalarand spectral
spectral index, and their running in the various approximations or simpli�ed approxima-
tions, in Tab. 7.1. All quantities areagainevaluatedat k� = 0:0495Mpc� 1. Error estimates
for the uniform approximation are indicated by the numbers in brackets. For chaotic in-

ation the running of the spectral indices, � S(k) and � T (k) is non-zero. Note that the
running of the tensor spectral index is roughly one order of magnitude bigger than the
running of the scalarspectral index.

7.1.2 Quartic poten tial V(� ) = �� 4=4

In the quartic model|relativ e to the quadratic potential|higher derivativesof the poten-
tial exist. Consequently, the slow-roll results in this caseare expected to have a bigger
error. In comparisonto the quadratic case,for the model consideredbelow, the errors are
worsefor the scalarspectral index (� 0:02%versus� 0:1%) and comparablefor the case
of the tensor spectral index (� 2%). In contrast, the uniform approximation still provides
an accuracyof a fraction of a percent. Although the slow-roll expansionfor this model
can be improved to second-orderwith notably better results. This behavior exhibits the
generaltendencyof the slow-roll expansionif terms arising from higher order derivatives
of the potential are signi�cant. In terms of observational viabilit y, the � 4-model is under
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Figure 7.1: (a) Scalarpower spectrum PS(k) and (b) tensor power spectrum PT (k) for a
chaotic 1

2m2� 2-model, parametersas speci�ed in Tab. 7.1. Solid red line: exact numerical
results, dashedgreenline: uniform approximation, dashed-dottedblue line: slow-roll; dot-
ted purple line: second-orderimproved uniform approximation [cf. Eq. (5.108)]; the green
band is the estimate for the error bound for the uniform approximation, Eq. (5.100). The
exact results and the results from the improved uniform and slow-roll approximation are
visually on top of each other. The error estimatefor the improved uniform approximation,
Eq. (5.109), is sosmall as to be indistinguishable from the result itself.
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Figure 7.2: (a) Scalar spectral index nS(k) and (b) tensor spectral index nT (k) for a
chaotic 1

2m2� 2-model, parametersas speci�ed in Tab. 7.1. Solid red line: exact numerical
results, dashedgreenline: uniform approximation, dashed-dottedblue line: slow-roll; the
greenband is the error estimate for the uniform approximation. Unlike the casefor the
power spectrum, accurate results for the uniform approximation are obtained without
recourseto the improvement procedurespeci�ed by Eq. (5.108).



78 Chapter 7. Results from Numerical Calculations

0.120

0.125

0.130

0.135

0.140

0.145

0.150

0.155

0.160

 0.0001  0.001  0.01  0.1  1  10

R
(k

)

k [h Mpc�1]

Exact (numerical)
Uniform, 1.Order

Slow�Roll, 1. Order

Figure 7.3: Tensorto scalarratio R(k) for a chaotic 1
2m2� 2-model; parametersasspeci�ed
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Figure 7.4: Relative error of the tensor to scalar ratio R(k) for a chaotic 1
2m2� 2-model;

parameters as speci�ed in Tab. 7.1. Here the dotted purple line denotesthe (second-
order) improved leading-orderof the uniform approximation; the greenerror band is the
error estimate for the �rst order uniform approximation, the dark greenband is the error
estimate for the improved leading-orderresult.
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strong pressurefrom combined analysis of the WMAP CMB anisotropy data and data
from galaxy clustering (seee.g.,Refs. [56, 111, 112]).

The results for the spectral indicesare displayed in Figs. 7.5(a) and 7.5(b). As in the
previous examplethe leading-orderuniform approximation is very closeto the exact nu-
merical result. However, the �rst-order slow-roll result doesnot match ascloselyasfor the
quadratic potential. As doneearlier for the � 2-model, we have listed variouscharacteristic
quantities in Tab. 7.2.

Table 7.2: Determination of the characteristic quantities for the 1
4 �� 4 chaotic in
ation

model at k� = 0:06875h Mpc� 1 = (0:0495� 0:0034)Mpc� 1 (h = 0:72� 0:05; the WMAP
pivot scaleis at 0:05 Mpc� 1, seeRef [8]) in the various approximations; parameters: � =
(1:75� 0:19) � 10� 13, � (0) = 24=

p
8� G, _� (0) = � 1=

p
8� G=s, leading to 60.579e-foldsof

in
ation horizon crossingof k=0.05/Mp c.

Approximation R(k� ) nS(k� ) � S(k� ) nT (k� ) � T (k� )

Numericala 0.25963 0.94999 -0.00090 -0.03356 -0.01705
Uniform, 1. order 0.25948(113) 0.94990(3) -0.00089 -0.03367(2) -0.01694
Uniform, imp. 1. orderb 0.25964(0) 0.94999(0) -0.00089 -0.03356(0) -0.01703
Local approx., 0. orderc { 0.94942 -0.00092 -0.03395 -0.01726
Local approx., 1. orderc { 0.94991 -0.00090 -0.03340 -0.01697
Uniform, slow-roll reduxd { 0.95081 -0.00087 -0.03368 -0.01706
Slow-Roll, 1. ordere 0.25969 0.95077 -0.00087 -0.03285 -0.01669
Slow-Roll, 2. ordere { 0.95001 -0.00089 -0.03354 -0.01703

aMode-by-mode integration.
bThe improvement here is to secondorder in powers of 1=� , cf. Eq. (5.108)
cSeeEqs. (5.97) and (5.98).
dSeeEqs. (5.115) and (5.116).
eSeeEqs. (4.11) and (4.12).

7.2 In
ationary model with a C2 poten tial function

As a next examplewe investigatea toy model with a continuous potential function with
continuous �rst and secondderivatives and a jump in the third derivative at a speci�c
value of � . Generally speaking, dynamical changesin the potential of the �eld driving
in
ation can be inducedby couplingsto other degreesof freedom. For example,in hybrid
modelsa phasetransition is usedto terminate in
ation. If a dynamical transition happens
at cosmologicallyrelevant scales,i.e., well before the end of in
ation, it leaves a clear
signature in the power spectra and spectral indices. Such a transition may be naturally
realizedin multi-�eld models of in
ation (see,e.g., Ref. [127]). Other examplesare steps
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Figure 7.5: (a) Scalar spectral index nS(k) and (b) tensor spectral index nT (k) for the
quartic potential potential �� 4, parametersas speci�ed in Tab. 7.2. Solid red line: exact
numerical results, dashed green line: uniform approximation, dashed-dottedblue line:
slow-roll; the greenband is the error estimate for the uniform approximation.
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in the potential (Sec.3.1.4,Ref. [121, 53]), leading to oscillations in the primordial power
spectra and spectral indices. In such models � 2 cannot be consideredas a constant, but
can display suddenchanges.Rather than taking oneof such potentials we considerherea
toy potential that is smoother in the sensethat oscillations in � 2 or z00=z are avoided:

V> (� ) =
1
4

m2� 2
� (� � 1) +

2
3

m2� � (1 � � )� +
1
2

� m2� 2 +
1

12� 2
�
m2(1 � � )� 4; (7.1)

V< (� ) =
1
2

m2� 2; (7.2)

whereV(� ) = V> (� ) for � > � � and V(� ) = V< (� ) for � < � � . The potential is constructed
in such a way that V> (� � ) = V< (� � ), V 0

> (� � ) = V 0
< (� � ) and V 00

> (� � ) = V 00
< (� � ) but V 000

> (� � ) 6=
V 000

< (� � ). Thus there is a �nite jump in the third derivative of the potential.
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Figure 7.6: z00=(za2) and � 2
S and a00=a3 and � T for the C2-potential; the point � � is

reached at N � 12:4. The beginningin time of the numerical calculation is at N = 0. The
in
ationary attractor is reached at N ' 1:8, checked by varying _� (0) and determining at
which e-fold the � behavior becomesindependent of the initial velocities. The quantities
a00=a3 and � T , relevant for tensorperturbations, aremuch smoother than the corresponding
quantities z00=za2 and � S for the scalar perturbations, leading to smaller errors in the
approximations as discussedin the text.

We present numerical results with parameterschosenspeci�cally to demonstratethe
generale�ect of a more rapidly changing � . During the evolution in this potential the
parameters� and � i are not constant (not even approximately); � 1 cannot be considered
small whenthe in
aton �eld ful�lls � > � � (with the parametersbelow, j� 1j canbe aslarge
as0:14).
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Figure 7.7: (a) Scalar power spectrum PS(k) and (b) tensor power spectrum PT (k) for
the C2-potential in Eqs. (7.1) and (7.2); parameters: � = � 100, m2 = (1:90 � 0:21) �
10� 12=8� G, � � = 15:2=

p
8� G, � (0) = 17:5=

p
8� G, _� (0) = � 0:2=

p
8� G=s. Solid red line:

exact numerical results, dashedgreen line: uniform approximation, dashed-dottedblue
line: slow-roll; the greenband is the estimate for the error bound for the (unimproved)
uniform approximation. Again, the exactresultsand the resultsfrom the improveduniform
and slow-roll approximation are on top of each other.
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Figure 7.8: (a) Relative errors for the scalarpower spectrum PS(k) and (b) tensor power
spectrum PT (k) for the C2-potential, Eqs. (7.1) and (7.2). In both cases,the light green
band denotes the estimated error bound for the leading-order uniform approximation
(5.100) and the dark green band denotesthe best estimated error for the improvement
procedure(5.108). The results are nicely consistent with theseestimatesshowing where
the second-orderimprovement can be enhancedby going to higher order, and also where
it cannot.
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The parameterschosento specify the model are: � = � 100, m2 = (1:90 � 0:21) �
10� 12=8� G, � � = 15:2=

p
8� G, � (0) = 17:5=

p
8� G, _� (0) = � 0:2=

p
8� G=s. With this choice

of parametersthe number of e-foldsis 57:320,counted from k� = 0:0495Mpc� 1.
The relevant time-dependent terms � 2

S and z00=(za2) in the scalarmodeequationand � 2
T

and a00=a3 in the tensormode equationare displayed in Fig. 7.6 asa function of expansion
e-folds(z00=z and a00=a have beendivided by a2 to �lter out the exponential growth of the
scalefactor). The point � � is reached at N � 12:4 (note that in this plot N = 0 de�nes
the beginning of the numerical calculation). Due to the jump in the third derivative both
quantities for the scalarperturbations display a kink at this point. The qualitativ ebehavior
is alsodi�erent on either sideof the kink. While z00=z hasa kink, a00=a is completelywell-
behaved. Note that z00=z, ase.g.,expressedin Eq. (4.2) asan exact expressionin terms of
the slow-roll parameters,is more sensitive to higher derivativesof the potential than a00=a
[cf. Eq. (5.117)]. Thus we can expect the e�ects of the changein the potential at � = � �

to be ampli�ed in the scalarpower spectrum relative to the tensor power spectrum.
The results for the scalar and tensor power spectrum are displayed in Fig. 7.7. With

the sameconventions as in Fig. 7.1, the di�erent approximations (leading- and improved
leading-orderof the uniform approximation and the slow-roll approximation) arecompared
to the exact numerical results. The scalar power spectrum [seeFig. 7.7(a)] shows a sig-
ni�can t deviation from a power-law shape. Up to k � 0:025h Mpc� 1 the spectrum rises,
reaches a maximum and falls o� for larger k. As in the previous examples,the leading
order of the uniform approximation has an amplitude error of roughly 10% with respect
to the exact numerical results. The (second-order)improved leading-orderuniform ap-
proximation, however, lies almost on top of the numerical results. Remarkably, although
the shape deviatesfrom a simple power-law behavior quite signi�cantly, the improvement
strategy is still e�ective.

The relative errors are shown in Figs. 7.8(a) and 7.8(b). The error behavior divides
into two regimes, to the left and the right of k � 0:05h Mpc� 1. The behavior to the
right is that of a � 2-model [cf. Eq. (7.1)] while the behavior to the left is that of a
polynomial potential with linear, quadratic, and quartic terms (7.2). Note that the error
estimate from Eq. (5.109) changessharply acrossthis divide, by more than an order of
magnitude, from � 0:1% to � 0:005%. To the left, this error estimate shows that there
is no point in attempting a correction beyond second-orderusing Eq. (5.108), consistent
with the results shown for secondand fourth-order corrected spectra. To the right, the
smallnessof the error estimate is consistent with the improved quality of the fourth-order
results. Resultsfor the tensorspectrum arequalitativ ely similar. As expected,the uniform
approximation improves on the slow-roll result to the left of k � 0:05h Mpc� 1, sincethe
slow-roll assumptionsare violated in this region.

The spectral indicesare displayed in Figs. 7.9(a) and 7.9(b). The potential z00=z (see
Fig. 7.6) leadsto a blue scalar spectrum for smaller momenta and a red scalar spectrum
for larger momenta [Fig. 7.9(a)]. For the spectral index the uniform approximation in
leading order is remarkably closeto the exact numerical result, more or lessindependent
of k. It only deviates slightly at k � 0:04h Mpc� 1 for the scalar spectral index. In
Fig. 7.10the relative errors of the uniform approximation and the slow-roll approximation



7.2. In
ationary model with a C2 potential function 85

(a)

0.94

0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

1.12

 0.001  0.01  0.1

n S
(k

)

k [h Mpc�1]

Exact (numerical)
Uniform, 1.Order

Slow�Roll, 1.Order

(b)

�0.0205

�0.0200

�0.0195

�0.0190

�0.0185

�0.0180

�0.0175

�0.0170

 0.001  0.01  0.1

n T
(k

)

k [h Mpc�1]

Exact (numerical)
Uniform, 1. Order

Slow�Roll, 1. Order

Figure 7.9: (a) Scalarspectral index nS(k) and (b) tensorspectral index nT (k) for the C2-
potential in Eqs. (7.1) and (7.2) in the region around the kink; parametersspeci�ed as in
Fig. 7.7. Solid red line: exactnumerical results,dashedgreenline: uniform approximation,
dashed-dottedblue line: slow-roll; the greenband is the error estimate for the uniform
approximation.
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are displayed. Away from the transition k-value, the relative error is smaller than � 0:2%
for the scalar spectral index and smaller than � 0:5% for the tensor spectral index. The
slow-roll approximation, by comparison,deviatesby � 2%from the exactnumericalresults.

In all the computations so far, the background equationswere not approximated to
obtain H (t) and � (t) and its derivatives, but were solved numerically. For the model in
Eqs. (7.1) and (7.2), we have calculatedthe spectral indicesin the slow-roll approximation
also with the additional approximation for the background equations in Eqs. (4.15) and
(4.16) (seeSec.4.5). The degradationin the relative error is shown in Fig. 7.10.

The ratio R(k) of tensor to scalar perturbations is depicted in Fig. 7.11, while the
corresponding relative errors for the di�erent approximations are shown in Fig. 7.12. The
uniform and the slow-roll approximation are both quite close(� 1% error) to the exact
numerical result, even though the variations in R(k) are not small. Following Sec.5.7 the
accuracyof the leading-orderuniform approximation for the ratio R(k) can be improved
using Eq. (5.108) and the corresponding equation for tensor perturbations. We have not
displayed this improved ratio in Fig. 7.11,sinceit would be almost indistinguishable from
the exact numerical result. However, Fig. 7.12shows that the relative error of the (second-
order) improved leading order of the uniform approximation is smaller than � 0:3% over
the whole k range,consistent with the error estimate (5.109).
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Figure 7.10: Relative error of the (a) scalar and (b) tensor spectral index [see
Figs. 7.9(a) and 7.9(b)] for the C2-potential in Eqs. (7.1) and (7.2). The greenband is the
error estimatefor the uniform approximation. In addition to the uniform and the slow-roll
approximation we alsoshow the slow-roll approximation including higher order derivatives
of V(� ) [seeEqs. (4.15) and (4.16)]. Light brown dotted line: �rst-order slow-roll, dark
brown dashed-dottedline: second-orderslow-roll.
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Chapter 8

Conclusions of Part I I

We have presented the method of uniform approximation as an excellent technique for
calculating the in
ationary perturbation spectra [43, 44, 45]. A key feature of the method
is the existenceof a robust error-control theory [42]. Error control, which is missing
in the slow-roll approximation and also in WKB approximations [142, 143], is a crucial
advantage for practical calculations. We have presented closedexpressionsfor the power
spectra, spectral indices and other quantities of interest, to leading and next-to-leading
order in the uniform approximation, and with corresponding error bounds.

At leading order in the uniform approximation, we showed how to implement a useful
approximate error bound for the power spectrum and the spectral indices. We demon-
strated that the leading-order results in this approximation can be easily improved for
well-behaved � S and � T usingpreviouslyobtainedresults for the caseof constant � (power-
law in
ation). In addition, we provided an error estimate for the power spectra obtained
from the improved leading-order. The improvement strategy and the error estimatesare
basedon our knowledgeof the ultra-local correctionsfrom the next-to-leading order uni-
form approximation results. The estimatesaremuch tighter than the generalleading-order
error bounds from the uniform approximation. We have discussedfurther simpli�cations
of the non-local integral expressionsappearing in the uniform approximation, in terms of
a derivative expansioncombined with an expansionin terms of slow-roll parameters.The
inherent dangerof uncontrolled approximations hasbeenpointed out.

In addition to semi-analytic calculations in the uniform approximation, we have also
implemented an e�cien t and accurate method for exact mode-by-mode integration uti-
lizing results from the uniform approximation to set up the initial conditions. Such an
initialization procedure is very convenient in numerical calculations, since it avoids the
time-integration over fast oscillating functions, thus improving both precision and speed
of numerical calculations.

The uniform approximation wasnumerically investigatedin detail and comparedto ex-
act mode-by-mode results. Our numerical and semi-analytic results for the power spectra
and spectral indicesagreewithin 0:1%. Thus, the primordial power spectra can be deter-
mined at the samelevel of accuracyas the transfer functions [51]. We have alsocompared
the results for the power spectra, the corresponding spectral indices and their running
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to standard slow-roll approximations, with a view to understanding and controlling the
various sourcesof errors.

We have analyzed in detail di�erent classesof in
ationary models: power-law mod-
els, chaotic models, and a model with a C2-potential. We usedthe power-law model, for
which exact analytical results exist, to demonstratethe accuracyof our numerical imple-
mentations of the exact mode-by-mode integration, the uniform approximation, and the
slow-roll approximation. The deviation of the analytic and numerical results was in gen-
eral very small, around 1 part in 106. Two almost scale-freechaotic in
ationary models
werechosenasrepresentativ esfor commonslow-roll models: For thesemodelsthe slow-roll
approximation was very good. As a �nal example,we constructed a C2-potential which
had two dynamical phasespatched together in a relatively smooth manner. In the �rst
phase,where� changesmore rapidly than in the secondphase,the uniform approximation
wasmuch more accuratethan the slow-roll approximation, while in the secondphaseboth
approximations producedvery good results with small errors.

Up-coming high-precision CMB measurements [24, 26, 27, 28, 30] will provide data
to constrain the zoo of in
ation models [105]. An accurateand fast code for calculating
primordial power spectra, spectral indices,and their running will becrucial to this analysis.
We have developed and tested a code for calculating the primordial perturbation spectra.
The next stepis to developan interfaceto connectthe codeto Boltzmann solvers[47,48, 49,
50] in order to generatethe di�erent Cls, which characterizethe anisotropies,directly. The
�ne structure of the observations of the CMB and LSSholdsmuch of the information about
the in
ationary epoch, and the new high-precisionmethods will exposethis information.

In addition, it is possibleto use the code to test the robustnessof the information
obtained on the in
ationary equation of state from the measuredpower spectrum by the
recently introduced non-parametric reconstruction program [149] and other parametric
reconstruction techniques[131].

A deeper understandingof in
ation canshedlight on the nature of dark energy[96,150],
sincethere may be a profound link betweenin
ation and the late-time accelerationof the
expansionof the Universewhich is the signalof dark energy(seeRefs.[151, 152,153,154] for
somevery recent discussions).The two complementary approachesof forward predictions
and non-parametric reconstructioncan provide new precisionprobesof the �rst moments
of our Universe.
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Preheating after Hybrid In
ation
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Chapter 9

Nonp erturbativ e Appro ximations

In this Chapter a nonperturbative approximation technique for nonequilibrium quantum
�eld theory is presented. First, wegivean overviewon nonequilibrium quantum �eld theory
and various approximation techniques. Next, we introducea fairly generalLagrangianfor
scalar �elds. Then, relevant typesof Feynmandiagramsare introduced. Finally, we turn
to a special e�ective action approach which we will use in order to derive renormalized
equationsof motion for the classical�elds and their quantum 
uctuations.

9.1 Nonequilibrium quan tum �eld theory

Nonequilibrium quantum �eld theory meansthe study of initial valueproblemsin quantum
�eld theory. The initial state is most of the casesvery far away from thermal equilibrium.
The very early universe was in such a state and preheating is essentially a problem of
nonequilibrium (quantum) �eld theory.

In almost any quantum �eld theory the departure from thermal equilibrium leads to
major complications. Resonanceprocessescan be important, dynamical instabilities can
occur, the �elds may developexponentially largevaluesor e�ective couplingconstants may
becomevery large. Standard perturbation theory breaksdown in any of thesesituations.
Lattice calculations,i.e., ab initio calculationsstarting from a discretizedaction and using
statistical methods for the path integral, are not applicable. Within nonequilibrium quan-
tum �eld theory we cannot work with an imaginary time, unlike in classical�eld theories
or in thermal equilibrium. However, the situation is not hopeless.Over the last decades
powerful approximations have been developed. Theseapproximations have to rely on a
nonperturbative resummationof perturbative Feynmandiagrams. They contain arbitrary
high ordersof the coupling parametersand propagators. The so-calledresummationof an
in�nitely large classof perturbative Feynmandiagramsleadsto self-consistent Schwinger-
Dyson equations,alsoknown and widely usedin other contexts (see,e.g.,Ref. [155]).
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Most importantly, reasonableapproximations are constrainedby the requirements:

1. They have to be nonperturbative.

2. There should be thermodynamical consistency, total energymust be conserved.

3. Renormalizability should be guaranteed.

4. The time evolution should not be secular.

Usually theserequirements are not independent of each other.
The �rst requirement is ful�lled if the equationsof motion for the quantum part areself-

consistent, i.e., the equationsfor the propagatorsareSchwinger-Dysonequations.However,
not every Schwinger-Dysonequation is thermodynamically consistent. Thermodynamical
consistencyis easilyachieved by usinga variation principle, i.e., if all relevant equationsare
derived by a functional variation of the samee�ective action, the resulting set of equations
is thermodynamically consistent (see,e.g., Ref. [156]). Within nonequilibrium quantum
�eld theory thermodynamical consistencyis related to the conservation of the total energy.
The third aspect from the list above meansthat we shouldnot violate the renormalizability
of the original theory when developing an approximation. Unlike in standard perturba-
tion theory we usually cannot �x the counterterms order by order perturbatively. This
e�ectively makes the procedureof renormalization much more involved. We needa full
hierarchy of perturbative counterterms. Only very recently several authors have carefully
studied the issueof renormalization [157,158,159,160, 161]. Finally, the last requirement
of having a secular-freeevolution further constrainsthe possibilitiesof �nding appropriate
approximations.

It turns out that the requirements listed above are ful�lled by so-calledN -particle
irreducible (N PI) e�ective actions, whereN � 2 in order to guarantee a non-seculartime
evolution. Also dynamical renormalization group techniques have been used (see, e.g.,
Refs. [162, 163]).

Besidesall these aspects, directly addressingthe approximation, the dynamics itself
have to be causal. The time evolution of out-of-equilibrium systemsin quantum �eld
theory is described within the closed-time-path(CTP) or Schwinger-Keldysh formalism
[164,165] (seealsoRef. [166,167]). In addition we have to choosea proper initial state so
that the usualcanonicalcommutation relations for the creation and annihilation operators
of the quantum �elds are satis�ed. This is doneby taking a Fock basisat the initial time
t = 0.

Another|more pragmatic|requiremen t that has not been mentioned so far, is the
e�ciency of the numerical implementation due to computational limitations. The past
numerical calculationshave beenlimited very often by insu�cien t computer power. Along
with the development of computation power, nonequilibrium quantum �eld theory im-
proved tremendously, after seminal publications in the 1980's[168, 169, 170], mainly in
the last decade[76, 89, 115, 171, 172, 173, 174, 175, 176, 177]. The well-known one-loop,
Hartree and large-N approximations canbebasedon the two-particle irreducible (2PI) for-
malism [178, 179, 180]. This formalism has also beenusedbeyond mean �eld approaches
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[181, 182, 183, 184, 185, 186]. A subclassof the 2PI formalism is the so-calledtwo-particle
point-irreducible (2PPI) formalism [85, 91, 92, 187, 188]. The various leading-orderap-
proximations of the 2PI and 2PPI e�ective action are identical. The latter schemehasad-
vantageswith respect to sometechnical issuesof renormalization [157, 158, 159,160, 161]
and we will usethe 2PPI formalism herewhenderiving renormalizedequationsof motion.

Although leading-orderapproximations, like the Hartree or large-N approximation, can
give useful insight into the out-of-equilibrium dynamics of quantum �elds at early times,
they missthe important scattering of quanta which ultimativ ely lead to reheating.1 Thus,
usingleading-ordertype approximations we canonly addressthe preheatingstagein which
scattering processesare believed to be almost unimportant. Herewe are mainly interested
in the transition from the false vacuum to the true vacuum, i.e., the �rst moments of
preheating after in
ation. Using a leading-orderapproximation schemeis thus adequate.
Calculations in systemswith coupled scalar �elds are already di�cult, both analytically
and numerically [86, 191]. The main complication is due to the renormalization of the
coupled �elds in the presenceof quantum back-reaction. In the past, other groups have
either completelyneglectedthe back-reaction of the quanta onto themselves[80, 84, 86] or
they have usedsimple cut-o� schemes[78] which may exhibit a dangerousdependenceon
the cut-o� parameterschosenand thereforecanleadto unphysicalartefacts. Weareableto
explicitly renormalizethe equationsof motion with quantum back-reaction being present.
We are using a resummationschemeof one-loop bubble diagramsthat is generalizedfrom
the equilibrium caseto the more generalnonequilibrium situation. The strategy is similar
to the one in Ref. [192], usedfor the O(N ) model, but goesbeyond it, mainly due to the
non-diagonalizablecoupling of the �elds. It should be stressedthat it is not immediately
obvious how renormalization of theories, like the one discussedhere,proceeds.The basic
Lagrangianhasno continuoussymmetriesand in the way it is constructedoneof the �eld
hasa quartic self-couplingwhile the other �eld doesnot. With the strategy to bepresented
herethere remain no ambiguities.

9.2 Lagrange densit y

A generalLagrangedensity for a N component �eld � = (� 1; : : : ; � N ) is given by

L (x) =
1
2

@� � i (x)@� � i (x) � V(x) ; (9.1)

V(x) =
1
2

m2
ij � i (x)� j (x) +

1
4!

� ij kl � i (x)� j (x)� k (x)� l (x) ; (9.2)

wherea summationover i; j; k; l is understood and we have introduceda coupling constant
matrix (� ij kl) and a massmatrix (m2

ij ).

1When using 2PI resummation techniques, thermalization has been demonstrated for simple low di-
mensionalsystemsor using lattice regularization techniques[181, 185, 186, 189]. If the quantum �elds are
spatially inhomogeneousthermalization has also beenobserved [190].
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The classicalexpectation values(order parameters)of the �elds � i are de�ned as


� i (x)

�
= � i (x) : (9.3)

Depending on the valuesof the coupling constants � ij kl and the massparametersm2
ij

the Lagrangian in Eq. (9.1) includes chaotic in
ation, hybrid in
ation as well as small-
�eld in
ation models. We will develop and present a particular approximation for the
nonequilibrium dynamicsin the hybrid model on the basisof this moregeneralLagrangian.

9.3 Reducible and irreducible Feynman diagrams

Within relativistic quantum �eld theory e�ective actions are conveniently expressedwith
the help of N -particle irreducible Feynman diagrams. We de�ne: A diagram that does
not fall apart if N (arbitrary) propagator lines are cut is called N -particle irr educible. A
diagram is connectedif there are no isolated interaction vertices. We will mostly refer
to 2PI (two-particle irreducible) e�ective actions or diagrams. In general a meaningful
maximum value for N is given by the interaction verticesof interest.

A diagramthat doesnot fall apart if two propagator linesmeeting at the samepoint are
cut is called two-particle point-irr educible (2PPI). Both setsof diagrams(2PPI and 2PI)
are of coursein�nitely large. Yet there are two-particle reducible (2PR) diagramswhich
are not two-particle point-reducible (2PPR).

In Fig. 9.1(a) we display an examplefor a diagram that is both 2PR and 2PPR. The
solid lines in this �gure represent the propagators,while dashedlines denotea coupling to
an external classical�eld. On the vertex at the bottom of this diagramtwo propagatorlines
meet. If we cut theselines the diagram is disconnected.The diagram in Fig. 9.1(b) is still
2PR but 2PPI. Wecancut two arbitrary linesthat meetat the samepoint and the diagram
doesnot fall apart. Each interaction vertex in Fig. 9.1(b) has three propagator lines. In
other words, a diagram is 2PPI if each interaction vertex is reached by at least three
propagator lines, while such a condition is not su�cien t for characterizing 2PI diagrams.
Finally, the diagram shown in Fig. 9.1(c) is both 2PI and 2PPI. We can cut any of the
linesand the diagramremainsconnected.The di�erence betweenreducibleand irreducible
diagrams will be essential for the construction of an e�ective action as well as for the
discussionson resummationand renormalization.

9.4 The 2PPI resummation scheme

The 2PPI resummationschemehasbeenoriginally developed for �nite temperature quan-
tum �eld theory by Verschelde and Collaborators [85, 187, 188, 193, 194]. In order to
generalizethe schemeto the nonequilibrium situation we usea strategy similar to the one
in [192], there usedfor the O(N ) model. We have to extent the calculations further due
to non-diagonalizablecoupling of the �elds and we have to establisha more rigorous con-
nection between e�ective counter terms and the standard counter term Lagrangian [85].
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(a) (b)

(c)

Figure 9.1: Di�eren t reducibleand irreducible diagrams. The solid lines denotepropaga-
tors, the dashedlinesrepresent a coupling to an external classical�eld. (a) This diagramis
both 2PR and 2PPR. Such diagramsare thus implicitly contained in the various e�ective
actions. (b) This ladder-type diagram is 2PR but 2PPI. In 2PI e�ective actions such dia-
gramsare implicitly contained, while in the 2PPI schemewe would have to them explicitly
into account. (c) This sunset-type diagram is both 2PI and 2PPI. Such diagramsare not
implicitly contained in the e�ective actions.

Compared to the O(N ) casethere is no continuous global symmetry assumed,therefore
renormalization proceedsslightly di�erent.

9.4.1 E�ectiv e action

The basic quantities in the 2PPI resummation scheme are the mean �elds � i and local
propagator insertions � ij . The local insertions in the propagator are resummedvia a
Schwinger-Dysonor gapequation. The Green'sfunction G ful�lls the local equation

(G� 1) ij (x; x0) = i
�
� � ij + M 2

ij (x)
�

� (D )(x � x0) ; (9.4)

whereM 2
ij is a variational massparameter explainedbelow and G� 1 denotesthe inverse

propagator. In the context of nonequilibrium quantum �eld theory, Eq. (9.4) represents
the dynamical equation for the quantum 
uctuations. Via the resummation the mass
parameterM 2

ij dependson G and � . Comparedto the 2PI (or moregeneralN PI) schemes
the non-local self-energyis reducedto a local self-energy. The most important feature in
the 2PPI scheme|also known from the LO in a 1=N expansion|is that the dynamical
equationfor the propagatorG is only an ordinary di�erential equationrather than a partial
di�erential equation. This greatly simpli�es numerical computations. We will elaborate
on the shortcomingsof this approach when discussingthe results in Sec.11.
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The 2PPI e�ective action for the generalpotential in Eq. (9.2) can be written as (see,
e.g.,Ref. [85, 193])

�[ � i ; � ij ] = S[� i ] + � 2PPI [� i ; M 2
ij ] +

1
8

� ij kl

Z
dD x� ij (x)� kl (x) ; (9.5)

whereD is the number of space-timedimensionsand the relation between� ij and M 2
ij is

given by

� ij (x) = � 2
� � 2PPI

� M 2
ij (x)

: (9.6)

The term proportional to an integral over � ij (x)� kl (x) in Eq. (9.5) corrects the double
counting of bubble graphs.

The massesM 2
ij (x) have to ful�ll the so-calledgap equations

M 2
ij (x) = m2

ij +
1
2

� ij kl

�
� k(x)� l (x) + � kl (x)

�
: (9.7)

The term � 2PPI [� i ; M 2
ij ] denotesthe in�nite sum over all 2PPI diagrams.

The classicalaction S[� i ] is given by

S[� i ] =
Z

dD x
�

1
2

@� � i (x)@� � i (x) �
1
2

m2
ij � i (x)� j (x) +

1
4!

� ij kl � i (x)� j (x)� k(x)� l (x)
�

:

(9.8)

9.4.2 Mo de functions

In the following we will assumespatially homogeneous�elds. The classical�elds then obey
� i (t; x) � � i (t) and the Green'sfunctions can be expressedvia their Fourier components

Gij (t; t0; x; x0) =
Z

dD � 1p
(2� )D � 1

ei p �(x � x 0)Gij (t; t0; p) : (9.9)

Since the 2PPI formalism resums local self energy insertions in the Green's function,
Gij (t; t0; p) can be rewritten in terms of mode functions f i (t; p) and f j (t0; p), leading to a
diagonal Wronskian matrix. The Green'sfunction reads

Gij (t; t0; p) =
2X

� =1

1
2! �

�
f �

i (t; p)f � �
j (t0; p)�( t � t0) + f �

i (t0; p)f � �
j (t; p)�( t0 � t)

�
;

(9.10)

wherethe mode functions satisfy

•f �
i (t; p) +

�
p2� ij + M 2

ij (t)
�

f �
j (t; p) = 0: (9.11)
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The fundamental solutions of this systemof coupleddi�erential equationswill be labeled
with Greek letters (� ; � ; : : :). Hence,there are 2i di�erent complexmode functions.

In Eq. (9.10) we have introducedthe quantities ! � de�ned as

! � =
q

p2 + m2
0; � : (9.12)

They will beexplainedbelow, asthey dependon the initial conditionsvia the initial masses
m2

0; � .
The decomposition of G in mode functions is very useful,both numerically and analyt-

ically. The major numerical simpli�cation comparedto the 2PI or N PI schemesis that we
have to solve only ordinary di�erential equations.We reducethe storagerequirements by a
factorization of functions of two time arguments in two functions with onetime argument.
In contrast to 2PI schemesthis feature remainsbeyond leading order in a loop expansion
or in a 1=N expansion.For the analytical calculationswe directly bene�t from the achieve-
ments of expansionsof the mode functions as beenpreviously developed in various other
models (see,e.g., Ref. [76, 177, 191]). Such expansionsallow a clear separationof diver-
gent and �nite parts in the propagator insertions and thus simplify renormalization. The
remaining task in this work is the generalizationto nonequilibrium quantum �eld theory
in the presenceof non-diagonalizablecouplingsand back-reaction of the quantum �elds.

9.4.3 Lo op expansion

The in�nite sum of two-particle point-irreducible diagrams in � 2PPI can be truncated in
several ways. If the original Lagrangian consisting of N �elds is invariant under global
O(N ) transformations2, one may use1=N expansiontechniques. The leading order in a
1=N expansionis also called large-N . As long as N is not small, higher order corrections
are comfortably suppressedby inversepowers of N .

Since we cannot assumean O(N ) symmetry in general|the hybrid model does not
have it|, we will discussa loop expansionhere. The loop expansioncan be denotedas

� 2PPI =
1X

`=1

� (` ) = � (1) + � (2) + : : : ; (9.13)

wherethe index ` = 1; 2; : : : corresponds to the number of loops in a 2PPI diagram. The
control parameter in a loop expansionis ~. 3

The dots in the last equationindicate all contributions beyond the two-loop order. The

uctuation integrals � ij are expandedin an analogousway as

� ij (t) = � (1)
ij (t) + � (2)

ij (t) + : : : : (9.14)

The one-loop order in the 2PPI loop expansionis equivalent to the Hartree approximation,
asalready stated above.

2The Lagrangian in Eq. (9.1) is O(N ) invariant if all massesand coupling constants are equal.
3Note that higher loop diagrams also involve smaller symmetry factors and higher powers in 1=(2� )3.
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Zero-lo op|classical appro ximation

To zero-loop order we discard the term � 2PPI completely, which leads to � ij = 0 and
� � 2PPI =� � i = 0. In this approximation there are no quantum 
uctuations at all included.

One-lo op|Hartree typ e appro ximation

The one-loop approximation is identical to what we might call Hartree approximation.
Sincea Hartree type factorization hasnot beenthe starting point here, it would be better
to speak about one-loop bubble-resummationsin our case.

The sum of all 2PPI diagrams is truncated at � 2PPI � � (1) with (seethe diagram in
Fig. 9.2)

� (1) [M 2
ij ] =

i
2

Tr ln
�
G� 1

�
: (9.15)

We have introduceda matrix

G = (Gij ) i;j =1 ;:::N : (9.16)

G

Figure 9.2: One-loop bubble diagram representing leading-order approximation that
may also be called Hartree approximation. The line denotesa propagator G as given
by Eq. (9.16).

The functional derivative of � (1) with respect to M 2
ij givesthe tadpole insertions

� (1)
ij (t) =

1
2

Z
dD � 1p

(2� )D � 1

�
Gij (t; t; p) + Gj i (t; t; p)

�
(9.17)

=
2X

� =1

Z
dD � 1p

(2� )D � 1

1
2! �

Re
�
f �

i (t; p)f � �
j (t; p)

�
: (9.18)

The momentum integrations in the quantities � (1) are divergent and thus have to be
renormalizedproperly. We will discussthis issuein the next section.
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Tw o-lo op|sunset diagrams

The only two-loop diagramappearingis the sunsetdiagramdisplayed in Fig. 9.3. This sun-
setgraph leadsto time integrationsover the past of classicaland quantum �elds (\memory
integrations") and introducesscattering of the quanta. While it would be interesting to
study how this next-to-leadingorder diagram a�ects the dynamicsstudied here,this is far
beyond the scope of this work.

jj

G

G

G

Figure 9.3: Two-loop sunsetdiagram; the solid linesdenotethe propagatorG, the dashed
lines the classical�elds ' = (� 1; : : : ; � N ); this diagram is the �rst contribution that intro-
ducesscattering of the quanta.

9.4.4 Renormalization of the 2PPI e�ectiv e action

We will introducee�ective counterterms that render the renormalizationproceduresimple
and e�cien t. It is important to connectsuch e�ective counterterms to the counterterms in
the original formulation of the 2PPI scheme,sincethe latter onesfollow from a standard
counterterm Lagrangian(seeRef. [85, 187, 188, 193]).

In order to renormalize the general Lagrangedensity for the model in Eq. (9.1) we
include a counterterm � L

L =
1
2

@� � i @� � i �
1
2

m2
ij � i � j �

1
4

� ij kl � i � j � k � l + � L : (9.19)

We have omitted herethe space-timedependenceof all �elds. As in standard perturbation
theory the counterterm Lagrangian � L is given by

� L =
1
2

� Z ij @� � i @� � j �
1
2

� m2
ij � i � j �

1
4

� � ij kl � i � j � k � l : (9.20)

The gap equation for the renormalizede�ective massM 2
R; ij with massand coupling con-

stant counterterms is given by

M 2
R; ij = m2

ij + � m2
ij +

1
2

(� ij kl + � � ij kl )
�
� k � l + � kl

�
: (9.21)

Verschelde[85]hasdemonstratedby diagrammaticalcounting that in the 2PPI schemethe
following relations for the renormalization constants hold, if we take a massindependent



102 Chapter 9. Nonperturbative Approximations

renormalization scheme4

(� m2) ij = � Z ij ;kl
m m2

kl ; (9.22)

� � ij ;kl = � ij
pq� Z pq;kl

m ; (9.23)

� Z ij ;kl
m = � ij

pq� � pq;kl : (9.24)

Moreover, at the level of the e�ective action all renormalization constants may be derived
from a singlevacuum counterterm

� Evac =
1
2

M 2
ij M 2

kl � � ij ;kl : (9.25)

With the help of the identities in Eqs. (9.22){(9.24) the gap equationsread

M 2
R; ij = m2

ij +
1
2

� ij kl

�
� k � l + � kl

�
+ � ij pq � � pq;klm2

kl

+
1
2

� ij pq� pqr s � � r s;kl

�
� k � l + � kl

�
(9.26)

� m2
ij +

1
2

� ij kl

�
� k � l + � kl

R

�
; (9.27)

with

� ij kl � kl
R = � ij kl � kl + 2� ij pq� � pq;klm2

kl +
1
2

� ij pq� pqr s � � r s;kl

�
� k � l + � kl

�
: (9.28)

Once the propagator � ij is renormalizedthe gap equations for the massesM 2
ij become

�nite. In the one-loop 2PPI approximation, i.e., when � ij = � (1)
ij , the equationsfor the

classical�elds � i are �nite aswell. No wave function renormalization is needed.
Although wave function renormalizationis indeednot a major complication in the 2PPI

scheme, we have restricted the discussionof renormalization to leading order here, since
we do not aim to go beyond leading order in the numerical calculationseither.

Summarizing renormalization in the 2PPI scheme,we simply have to renormalizethe
propagator insertion � R and all equations of motion will be �nite. In the context of
nonequilibrium quantum �eld theory this implies the separation of the divergent parts
from the �nite parts in a time-dependent quantit y. Moreover, the independenceof the
counterterms on the details of the initial conditions has to be proven.

4E.g., minimal subtraction (MS) or a modi�ed minimal subtraction (MS)
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Renormalized Equations

In this Chapter the renormalizedequationsof motion are derived. First, the initial condi-
tions and the way of �xing the vacuumhave to be discussed.Then we present a method of
isolating the divergenciesin all equations. Once the divergencieshave beenregularized|
which is doneusing standard dimensionalregularization|all dynamical equationscan be
renormalized. After renormalization all equations are explicitly �nite and thus can be
directly usedin numerical simulations without further assumptions.

We have introduced a very generale�ective action for N scalar �elds in the previous
Chapter. This hasbeennecessaryin order to take advantage of existing expressionsof the
2PPI resummation scheme[85]. The standard hybrid potential in Eq. (3.6) follows from
Eq. (9.2) for the caseN = 2 with the identi�cations

� 1 = � ; (10.1)

� 2 = X ; (10.2)

m2
11 = m2 ; (10.3)

m2
22 = � �v 2 ; (10.4)

m2
12 = m2

21 = 0; (10.5)

� 2222 = 6� ; (10.6)

� Perm(1122) = 2g2 ; (10.7)

� 1111 = � 1112 = : : : = � 2221 = 0: (10.8)

10.1 Initial conditions

The choiceof initial conditions is similar to the one in Ref. [86]. We will take a Gaussian
initial density matrix with non-vanishing initial values � (t = 0) and � (t = 0) for the
classical �eld amplitudes. For the renormalization of the equations of motion we need
a properly quantized system at the initial time. In order to satisfy the usual canonical
commutation relations for the creation and annihilation operators of the quantum �elds,
we choosea Fock spacebasisat t = 0. The basicquanta are de�ned by diagonalizingthe
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massmatrix at t = 0 and by choosingcanonicalinitial conditions (seebelow) for the mode
functions (see,e.g.,Refs. [76, 86, 177, 195]).

We de�ne the initial massesm0;� as the eigenvaluesof the initial massmatrix M ij (0),
i.e., by the equation

m2
0; � f �

i (0; p) � M 2
ij (0)f �

j (0; p) = 0: (10.9)

The eigenvaluesare given by

m2
0; � =

1
2

�
M 2

�� (0) + M 2
�� (0) �

q �
M 2

�� (0) � M 2
�� (0)

� 2
+ 4M 4

�� (0)
�

: (10.10)

We denote the corresponding eigenvectors by Oi� , where the index � refers to the eigen-
value, and the Latin indices to the components. The canonical initial conditions at t = 0
for the mode functions are

f �
i (0; p) = Oi� ; (10.11)
_f �
i (0; p) = � i! � Oi� = � i! � f �

i (0; p) : (10.12)

The Wronskian matrix of thesemode functions is then given by

W(f �
i ; f �

i ) = [f �; �
i (0; p) _f �

i (0; p) � _f �; �
i (0; p)f �

i (0; p)] (10.13)

= � i [(! � + ! � )Oi� Oi� ] : (10.14)

As the eigenvectorsare orthogonal this matrix is diagonal. Choosingthe normalization

Oi� Oi� = � �� ; (10.15)

the Wronskian matrix becomes

W(f �
i ; f �

i )�;� =1 ;2 = � 2i
�

! 1 0
0 ! 2

�
: (10.16)

If M 2
�� (0) > M 2

�� (0) we can �x the matrix O as

O =
�

cos# sin#
� sin# cos#

�
; (10.17)

tan # =
1

2M 2
�� (0)

�
M 2

�� (0) � M 2
�� (0) +

q �
M 2

�� (0) � M 2
�� (0)

� 2
+ 4M 4

�� (0)
�

:

(10.18)

For the oppositecaseM 2
�� (0) < M 2

�� (0) we should interchangem2
0; 1 with m2

0; 2 and switch
# ! � #. Indeedthis is important for the numerical implementation. We needthree initial
parametersand may either choose f m2

0; 1; m2
0; 1; tan #g or fM 2

�� (0); M 2
�� (0); M 2

�� (0)g as
the set of equationsthat we numerically iterate.
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10.2 Isolation of the div ergencies

From now on we will restrict the discussionto the one-loop bubble-resummationwith
� 2PPI � � (1) and thus

� ij (t) = � (1)
ij (t) ; (10.19)

wherethe propagatorinsertions� (1)
ij (t) [seeEq. (9.17)] contain the divergent loop integrals.

It is important to separatedivergent piecesfrom the �nite ones. The divergent pieces
are not of physical interest. Moreover, we will isolate the divergencesin such a way that
standard regularization techniqueslike dimensionalregularization can be used.

A strategy for the isolation of the divergencesvia the perturbative expansionof the
mode functions in terms of partial integrations has beendescribed in Refs. [76, 191]. We
have summarizedwhat we needin Appendix B.2.

In dimensionalregularization with the abbreviation

L � =
2
�

� 
 + ln 4� (10.20)

we have, using Eq. (B.16) and Eqs. (B.1),(B.4)

� (1)
ij (t) =

1
2

Z
dD � 1p

(2� )D � 1

�
Gij (t; t; p) + Gj i (t; t; p)

�

= �
X

�

�
m2

0; �

16� 2

�
L � � ln

m2
0; �

� 2
+ 1

�
Oi� Oj � +

1
16� 2

�
L � � ln

m2
0; �

� 2
+ 1

�

+
1

16� 2

X

�

�
m2

0; �

m2
0; � � m2

0; �

ln
m2

0; �

m2
0; �

�
Oi� Oj � Ol � Ok� Vkl (t)

�
+ : : :

= �
1

16� 2
[L � + 1]M 2

ij (t) +
X

�

m2
0; �

16� 2
Oi� Oj � ln

m2
0; �

� 2

+
1

16� 2

X

�;�

Oi� Oj � Ol � Ok� Vkl (t)
�

ln
m2

0; �

� 2
�

m2
0; �

m2
0; � � m2

0; �

ln
m2

0; �

m2
0; �

�

+ : : : ; (10.21)

where
P

� Oi� Oj � m2
0; � = M 2

ij (0) has been used. The new parameter � appearing in
Eq. (10.21) is the renormalization scale1 and the potential Vij (t) is de�ned as

Vij (t) = M 2
ij (t) � M 2

ij (0) : (10.22)

1We will take � = �v which is the only natural massscalepresent. Usually a renormalization scale
dependenceis not studied in the context of nonequilibrium quantum �eld theory.
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We can de�ne the �nite part of � (1)
ij by a subtraction as [seeEq. (B.16)]

� (1)
ij; �n (t) =

Z
dD � 1p

(2� )D � 1

X

�;�

1
2! �

�
Re

�
f �

i (t; p)f �; �
j (t; p)

�
� ��

� Oi� Oj � � �� +
1

! � (! � + ! � )
Oi� Oj � Ol � Ok� Vkl (t)

�
: (10.23)

The momentum integrations in this expressionare convergent, becausethe subtracted
terms cancelexactly the divergent parts (seeAppendix B.2). There are still some�nite
contributions from the divergent part of � (1)

ij [see.Eq. (10.21)]. Theseparts are important
and removing them is not allowed becauseof the dependenceon the initial conditions. In
order to simplify the notation it is useful to de�ne the following quantities

C0
ij =

1
16� 2

X

�

Oi� Oj � m2
0; � ln

m2
0; �

� 2
; (10.24)

Ck`
ij =

1
16� 2

X

�;�

Oi� Oj � Ok� O`�

�
ln

m2
0; �

� 2
�

m2
0; �

m2
0; � � m2

0; �

ln
m2

0; �

m2
0; �

�
; (10.25)

and

C1
ij := C11

ij ; C2
ij := C22

ij ; C3
ij := C12

ij + C21
j i : (10.26)

The constants C0
ij are important for the renormalization of the initial conditions, because

they appear without the quantit y V(t) that is zero at t = 0. Note that all constants Ck
ij

contain only the three quantities related to the initial conditions.
The full one-loop bubble-resummedinsertion � (1)

ij takesa simple form given by

� (1)
ij (t) = � (1)

ij; �n (t) �
1

16� 2
[L � + 1]M 2

ij (t) + C0
ij

+ C1
ij

�
M 2

�� (t) � M 2
�� (0)

�
+ C2

ij

�
M 2

�� (t) � M 2
�� (0)

�

+ C3
ij

�
M 2

�� (t) � M 2
�� (0)

�
: (10.27)

The divergent part of � (1)
ij can be de�ned as

� (1)
ij; div (t) = �

1
16� 2

[L � + 1]M 2
ij (t) : (10.28)

Note that � (1)
ij; div (t) is directly proportional to M 2

ij , i.e., with a uniform factor for all

combinations of i and j . In particular � (1)
ij; div (t) is independent of the massesm2

0; � and the
matrix Oij and thereby of the initial conditions. However, the di�erent �nite parts depend
on the initial conditions via the constants Cn

ij and involve all components of the e�ective
massmatrix M 2

ij . The independenceof the divergent pieceson the initial conditions is
analogousto the independenceon the temperature in the context of �nite temperature
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quantum �eld theory. The fact that the divergent term is proportional to M ij (t), a term
that is time-dependent, does not mean that we need time-dependent counterterms, but
simply re
ects the fact that e�ectively the resummationschemehasto treat the bare part
and the counterterm part of the original Lagrangian on equal footing. Counterterms are
likewiseresummed. In the next section we will seethat the counterterms are not simply
perturbative.

10.3 Renormalized e�ectiv e action with suitable ef-
fectiv e counterterms

First, we write down the unrenormalizede�ective action. With the help of the identi�ca-
tions in Eq. (10.1){(10.8) the 2PPI e�ective action for the hybrid potential in Eq. (3.6)
reads

�[ �; �; � (1)
�� ; � (1)

�� ; � (1)
�� ] = S[�; � ] + � (1)

�
M 2

�� ; M 2
�� ; M 2

��

�

+
g2

2

Z
dD x

n
� (1)

�� (x)� (1)
�� (x) + 2[� (1)

�� (x)]2
o

+
3�
4

Z
dD x[� (1)

�� (x)]2 : (10.29)

The unrenormalizedgap equationsfor the massesM 2 are given by

M 2
�� (x) = m2 + g2

�
� 2(x) + � (1)

�� (x)
�

; (10.30)

M 2
�� (x) = � �v 2 + 3�

�
� 2(x) + � (1)

�� (x)
�

+ g2
h
� 2(x) + � (1)

�� (x)
i

; (10.31)

M 2
�� (x) = 2g2

h
� (x)� (x) + � (1)

�� (x)
i

= M 2
�� (x) : (10.32)

Inverting the gap equationsleadsto

� (1)
�� (x) =

1
g2

�
M 2

�� (x) + �v 2 �
3�
g2

�
M 2

�� (x) � m2
�
�

� � 2(x) ; (10.33)

� (1)
�� (x) =

1
g2

�
M 2

�� (x) � m2
�

� � 2(x) ; (10.34)

� (1)
�� (x) =

1
2g2

M 2
�� (x) � � (x)� (x) = � (1)

�� (x) : (10.35)
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The unrenormalizede�ective action can thereforebe expressedwithout the �s, i.e.,

�
�
�; �; M 2

�� ; M 2
�� ; M 2

��

�
=

Z
dD x

�
1
2

@� � (x)@� � (x) +
1
2

@� � (x)@� � (x)

�
1
2

M 2
�� (x)� 2(x) + g2� 2(x)� 2(x) �

1
2

M 2
�� (x)� 2(x)

+
�
2

� 4(x) �
�
4

v4 � M 2
�� (x)� (x)� (x) �

3�
4g4

�
M 2

�� (x) � m2
� 2

+
1

2g2

�
M 2

�� (x) � m2
� �

M 2
�� (x) + �v 2

�
+

1
4g2

�
M 2

�� (x)
� 2

�

+� (1)
�
M 2

�� ; M 2
�� ; M 2

��

�
: (10.36)

In the previous subsectionwe were able to isolate the divergent parts in Eq. (10.27).
The divergenceswere found to be proportional to the e�ective massesM 2

ij .
In order to calculatethe renormalizede�ective action it is convenient to de�ne e�ective

masscounter terms. As elucidated in Sec.9.4.4 all counterterms neededcan be derived
from a single vacuum counter term involving the variational massestimes a divergent
constant [seeEq. (9.25)]. More precisely, the 2PPI formalism establishesa one-to-one
mapping between e�ective counterterms that are useful on the level of e�ective actions
and the standard counterterm Lagrangian.

Let us de�ne a vacuum energycounterterm of the generalform

� M 4 = � � ��
�
M 2

��

� 2
+ � � ��

�
M 2

��

� 2
+ 2� � ��

�
M 2

��

� 2
: (10.37)

With the proper choice of the constants � � |to be �xed in the following|the e�ective
action in Eq. (10.36) becomesrenormalized,i.e.,

� R

�
�; �; M 2

�� ; M 2
�� ; M 2

��

�
= �

�
�; �; M 2

�� ; M 2
�� ; M 2

��

�
+ � M 4 : (10.38)

With the introducede�ective masscounterterms the renormalizedgap equationstake the
form

M 2
R; �� (t) = m2 + g2

�
� 2(t) + � (1)

�� (t)
�

� 4g2 � � �� M 2
R;�� (t) ; (10.39)

M 2
R; �� (t) = � �v 2 + g2

h
� 2(t) + � (1)

�� (t)
i

+ 3�
�
� 2(t) + � (1)

�� (t)
�

� 4g2 � � �� M 2
R; �� (t) � 12� � � �� M 2

R; �� (t) ; (10.40)

M 2
R; �� (t) = 2g2

h
� (t)� (t) + � (1)

�� (t)
i

� 8g2 � � �� M 2
R; �� (t) : (10.41)

Even if we did not know expressionsfor the divergent part of � (1)
ij we would immediately

concludethat any possibledivergencehas to be proportional to the e�ective masses,pre-
cisely what has beenfound in Eq. (10.28). The gap equationsbecome�nite if we �x the
constants � � to be

� � �� = � � �� = � � �� = �
1

64� 2
[L � + 1] (10.42)

= �
1

64� 2

�
2
�

� 
 + 1 + ln 4�
�

: (10.43)
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This choice of � � corresponds to a MS prescription. In particular, the renormalization
schemeis massindependent. We will write down the �nal set of gap equationsin the next
section.

It shouldalsobe noted that we could easilycalculatethe nonperturbatively �xed stan-
dard counterterms � m2, � v2, � g2 and � � explicitly, insofar the renormalizedgap equations
just form a coupledsystemof equations. However, we think that this would not be very
enlightening, becausethe �nal expressionswould be quite lengthy. Moreover, they are not
neededexplicitly.

10.4 Equations of motion and gap equations

In summary we have to solve in the Hartree approximation the following renormalized
equationsof motion numerically. The classicalequationsof motion are given by

0 = •� (t) + M 2
R; �� (t)� (t) + M 2

R; �� (t)� (t) � 2g2� 2(t)� (t) ; (10.44)

0 = •� (t) + M 2
R; �� (t)� (t) + M 2

R; �� (t)� (t) � 2�� 3(t) � 2g2� 2(t)� (t) ; (10.45)

while the equationsfor the mode functions denoteexplicitly

0 = •f �
� (t; p) + p2f �

� (t; p) + M 2
R; �� (t)f �

� (t; p) + M 2
R; �� (t)f �

� (t; p) ; (10.46)

0 = •f �
� (t; p) + p2f �

� (t; p) + M 2
R; �� (t)f �

� (t; p) + M 2
R; �� (t)f �

� (t; p) : (10.47)

In addition we have to solve, at each time step, the 3 � 3 system of renormalized gap
equationsgiven by

M 2
R; �� (t) = m2 + g2

�
� 2(t) + � ��; �n (t)

�
+ g2C0

��

+ g2C1
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
+ g2C2

��

�
M 2

R; �� (t) � M 2
R; �� (0)

�

+ g2C3
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
; (10.48)

M 2
R; �� (t) = � �v 2 + g2

�
� 2(t) + � ��; �n (t)

�
+ g2C0

�� + 3�
�
� 2(t) + � ��; �n (t)

�
+ 3�C 0

��

+ g2C1
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
+ g2C2

��

�
M 2

R; �� (t) � M 2
R; �� (0)

�

+ g2C3
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
+ 3�C 1

��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
(10.49)

+3�C 2
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
+ 3�C 3

��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
;

M 2
R; �� (t) = 2g2 [� (t)� (t) + � ��; �n (t)] + 2g2C0

��

+2g2C1
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
+ 2g2C2

��

�
M 2

R; �� (t) � M 2
R; �� (0)

�

+2g2C3
��

�
M 2

R; �� (t) � M 2
R; �� (0)

�
: (10.50)

This systemof linear equationsis similar to the 2� 2 systemappearing in the O(N )-model
in the Hartree approximation [192]. However, the coe�cien t matrix can be diagonalized
with a time independent rotation matrix, becauseit is time independent itself. Such a
rotation matrix is indeedanalogousto the factor C = (1+ �

16� 2 ln m2

m2
0
)� 1 in the renormaliza-

tion of the O(N )-model in the large-N approximation [177]. Sincethe resulting rotation
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matrix is a rather lengthy expressionand is not of practical use,we do not write it down
here explicitly. In sum, the presenceof a rotation matrix or a factor C re
ects the non-
perturbative resummationof counterterms and coupling constants. In�nitely high orders
of the coupling constants contribute. This can be seenby expandingthe matrix order by
order in the coupling constants.

10.5 Renormalized energy

The 2PPI resummationschemeguaranteesthat the total energyis conserved. As a cross-
check for the numerical implementation it is thus helpful to have a �nite expressionfor the
energy. Within the one-loop bubble-resummationthe contributions to the energyintroduce
logarithmic, quadratic and quartic divergences.Thesedivergenceshave to be compensated
by the already �xed counterterms (Sec. 10.37). We have to �nd the proper subtraction
terms rendering the energydensity �nite and we have to calculate the �nite pieces.

The zero-loop contribution to the energy is found from all terms except � (1) which
contains the loops. This contribution is denotedby E (0) and is given by

E (0) (t) =
1
2

_� 2(t) +
1
2

M 2
�� (t)� 2(t) � g2� 2(t)� 2(t) +

1
2

_� 2(t) +
1
2

M 2
�� (t)� 2(t)

�
�
2

� 4(t) +
�
4

v4 + M 2
�� (t)� (t)� (t) �

1
4g2

�
M 2

�� (t)
� 2

+
3�
4g4

�
M 2

�� (t) � m2
� 2

�
1

2g2

�
M 2

�� (t) � m2
� �

M 2
�� (t) + �v 2

�
: (10.51)

The contribution of the one-loop bubble graphs(seeFig. 9.2) to the energyis de�ned by
the relation

dE (1) (t)
dt

= �
� � (1) [M 2

�� ; M 2
�� ; M 2

�� ]

� M 2
ij (t)

dM 2
ij (t)

dt
(10.52)

=
1
2

Z
dD � 1p

(2� )D � 1
Gij (t; t; p)

dM 2
ij (t)

dt
: (10.53)

This equation can be integrated explicitly if we usethe equationsof motion for the mode
functions f �

i (t; p), yielding

E (1) (t) =
1
2

Z
dD � 1p

(2� )D � 1

X

�

1
2! �

�
_f �
� (t; p) _f � �

� (t; p) + _f �
� (t; p) _f � �

� (t; p)

+
�
p2 + M 2

�� (t)
�

f �
� (t; p)f � �

� (t; p) +
�
p2 + M 2

�� (t)
�

f �
� (t; p)f � �

� (t; p)

+2M 2
�� (t)Re

�
f �

� (t; p)f � �
� (t; p)

�
�

: (10.54)

If the e�ective massesare identi�ed by the renormalized e�ective masses,then the
zero-loop contribution to the energy[seeEq. (10.51)] is automatically renormalized.
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In the following we usethe rotated potential eV de�ned as

eV�� (t) = Ok� Vkl (t)Ol � (10.55)

= O1� O1� V�� (t) + O2� O2� V�� (t) + (O1� O2� + O2� O1� )V�� (t) : (10.56)

According to the expansionof the mode functions in Appendix B.2 the divergent part of
the one-loop contribution from the bubble graphsto the quantum energyis given by [see
Eq. (B.27)]

E (1) ; div (t) =
1
2

Z
dD � 1p

(2� )D � 1

X

�

1
2! �

�
2! 2

� + eV�� (t) �
X

�

1
2! � (! � + ! � )

eV�� (t) eV�� (t)
�

:

(10.57)

The �rst term is quartically divergent. Its renormalizationcorrespondsto a renormalization
of the cosmologicalconstant �. Since we do not couple to gravit y here, it is therefore
somewhatarbitrary and can be omitted.

If the divergent parts areevaluatedin dimensionalregularization[usingEqs.(B.1), (B.4)
and (B.8)] the full one-loop contribution in Eq. (10.54) denotes

E (1) (t) = E (1)
�n (t) +

X

�

m4
0; �

64� 2

�
L � � ln

m2
0; �

� 2
+
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2

�
�

X

�

m2
0; �

32� 2
eV�� (t)

�
L � � ln

m2
0; �

� 2
+ 1

�

�
X

�; �

1
64� 2

eV�� (t) eV�� (t)
�
L � � ln

m2
0; �

� 2
+ 1 +

m2
0; �

m2
0; � � m2

0; �

ln
m2

0; �

m2
0; �

�
; (10.58)

wherethe �nite part hasbeende�ned as

E (1)
�n (t) =

1
2

Z
dD � 1p

(2� )D � 1

X

�

1
2! �

�
_f �
� (t; p) _f � �

� (t; p) + _f �
� (t; p) _f � �

� (t; p)

+
�
p2 + M 2

�� (t)
�

f �
� (t; p)f � �

� (t; p) +
�
p2 + M 2

�� (t)
�

f �
� (t; p)f � �

� (t; p)

+2M 2
�� (t)Re
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f �

� (t; p)f � �
� (t; p)

�

� 2! 2
� � eV�� (t) +

X

�

1
2! � (! � + ! � )

eV�� (t) eV�� (t)
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: (10.59)

From the de�nition of m2
0; � and eV�� (t) we can prove the identit y

X

�

�
m4

0; � � 2m2
0; �

eV�� (t) �
X

�

eV�� (t) eV�� (t)
�

= �M 2
ij (t)M 2

ij (t) ; (10.60)

so that the divergent part becomesvery simple. The full 
uctuation energyE (1) is then
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given by

E (1) (t) = E (1)
�n (t) �

1
64� 2

[L � + 1]M 2
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X
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� 2
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�
: (10.61)

The divergent part of E (1) is proportional to M 2
ij M 2

ij = M 4
�� + M 4

�� + 2M 4
�� , i.e., the

counterterm in Eq. (10.37),as expected.
Finally, the renormalizedtotal energyis given by

E tot = E (0) (t) + E (1) (t) � � M 4 (10.62)

= E (0) (t) + E (1)
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32� 2
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� 2
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0; �
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0; �
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0; �

�
: (10.63)

The renormalizedenergyhasa negative sign,becausewe have addedthe counterterm � M 4

to the e�ective action �, i.e., � R = � + � M 4.



Chapter 11

Results from Numerical Simulations

In this Chapter we present in detail the results from numerical simulations, to investigate
the main featuresof the dynamicsin hybrid models. It turns out that the dynamicsis very
rich. We highlight only a few featureswhich we believe are most relevant in the context
of preheating.

In Sec.11.1 we give somedetails on the numerical implementation and demonstrate
that numerical errorsare well under control. Sec.11.2is an overview on the time evolution
of the classical�elds and 
uctuation integrals in dependenceof the parameterschosen.In
Sec.11.3 we show typical phase-spacetra jectories that indicate chaotic dynamics. The
late time behavior of the quantities characterizing the phasetransition is further analyzed
in Sec.11.4. In Sec.11.5 we present the momentum spectra. Possiblelong-rangespatial
correlationsbetween
uctuations arestudied in Sec.11.6. Finally, decoherenceis addressed
in Sec.11.7.

11.1 Numerical implemen tation

At the initial time of the simulation we have to �x the vacuum state. This is done by
solving the set of nonlinearequationsde�ning the initial massesm2

0; � and the mixing angle
tan # using a standard relaxation method.

The equationsof motion are given in Eqs. (10.44){(10.47). Sincewe only have to solve
ordinary di�erential equations,we can pick oneof the very robust integrators. We take a
fourth-order standard Runge-Kutta integrator, becausesuch integrators o�er a very good
compromisebetweenprecisionand speed. In most simulations we usea time discretization
� t = 0:0003. The 3� 3 systemof linear equationsfor the renormalizedvariational masses
M 2

R; ij [seeEqs. (10.48){(10.50)] is solved with Cramer's rule.
The analytical calculationsare very involved and mistakeswould show up immediately

in the numerical results. The accuracyof the numerical computations is monitored in two
ways: (1) by verifying that the Wronskian is constant and (2) by verifying that the total
energy is conserved. We can easily verify that the total energy, as given in Eq. (10.63),
is analytically conserved, therefore it is a powerful crosscheck, to seeif the numerically

113
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calculatedenergyis alsoconserved. In Fig. 11.1we display a plot of the relative error for
a typical simulation. The total energyis found to be numerically conserved to � 0:1% in
all simulations. Due to the limitations in the accuracyof the integration of the equations
of motion we cannot expect that the numerically calculatedenergyis exactly constant.
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Figure 11.1: Relative error of the total energyfor a typical simulation; due to limitations
in the accuracyof the integration of the equationsof motion, small 
uctuations of order
� 0:1% can be observed; the relative error is larger at initial time due to the initial
singularity [196].

Next, we comment on the numerical implementation of the momentum integrations.
First, we have to discretize the momentum space. We have chosen a non-equidistant
discretization, in particular we take smaller steps for smaller momenta and larger steps
for larger momenta. We use a pragmatic momentum cut-o� pmax = 12 and np = 300
independent momenta for the convergent 
uctuation integrals in Eqs. (10.23)and (10.59),
which are calculated without further assumptions. We may extent the mode expansion
given in Eq. (B.9) further by using higher order functions, formally written as

f �
i (t; p) = e� i! � t

h
Oi� + h(1) ; �

i (t; p) + h(2) ; �
i (t; p) + h(2) ; �

i (t; p)
i

: (11.1)

Such a decomposition of the mode functions up to terms of secondderivative order [with
respect to the potential Vij (t)] can be used to keep the momentum integrals completely
free from subtraction terms (see,e.g.,Ref. [76]). However, we observe that the subtraction
usedin Eq. (10.23) leadsto stable results and is su�cien t for calculating the momentum
integralsnumerically in our case.In Fig. 11.2wedisplay the important part of the integrand
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in Eq. (10.23) as a function of p at a �xed time, i.e., the kernel [Ref �
i (t; p)f �

j (t; p) �
sub]=2! � , where\sub" denotesthe subtraction terms in Eq. (10.23). In the high p-regime
this integration kernel has to fall of like 1=p5.1 In Fig. 11.2 one can see that indeed
for p & 1 all lines becomeparallel to the straight dotted line that represents a function
h(p) = 1=p5. This proves that the subtraction terms are of the correct form and lead
to renormalized propagators. Moreover, it is indeed justi�ed to choose pmax = 12 for
the numerical integrations. The value of the integration kernel at pmax = 12 is then small
enough(� 10� 5) sothat the remainderof the integral from pmax to in�nit y canbeneglected.
Again we stressthe fact that the loop integrals are �nite after renormalization and that
such a pragmatic momentum cut-o� is only chosenfor numerical convenience.

Note that the energyis moredivergent than the propagator insertions,in particular the
degreeof divergenceis four comparedto two. A priori, we expect the propagator insertions
to be much better calculatedthan the energydensity. We have checked that the accuracy
of the total energyimproves, if the time discretization � t is lowered.
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Figure 11.2: The subtracted mode functions [Ref �
i (t; p)f �

j (t; p) � sub]=2! � are displayed
on a logarithmic scaleas a function of the momentum p with ij = �� (red solid line),
ij = �� (green dashedline) and ij = �� (blue dotted line); for high p the subtracted
mode functions are proportional to 1=p5 as indicated by the straight line, demonstrating
the convergenceof the momentum integrals.

1The kernel is multiplied by d3p = 4� p2dp. Propagator structures in quantum �eld theory require an
inversepower 1=p2 � dp=p3 � d3p=p5.
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11.2 Dynamical evolution and dependence on the
parameters

The basicconceptionin the hybrid model is an e�cien t energytransfer from the in
aton
to the Higgsdegreeof freedommediatedby a phasetransition and the associated spinodal
regime. It is then a questionhow theseexpectations are realized.

We are mainly interestedin the following questions:

1. On which time scalesand in which form doesthe energytransfer betweenthe in
aton
and symmetry breaking (Higgs) �elds take place?

2. Is it possibleto concludeon the structure of the e�ective Higgs potential after this
energytransfer? Though the systemdoesnot goright away into a thermal equilibrium
phase,the behavior at intermediate and late times can be thought as re
ecting the
shapeof an e�ectiveHiggspotential, with a symmetricor brokensymmetry structure.

3. Do the spectra for the di�erent quantum modes re
ect the mechanism of particle
production?

4. To which extent is the transition to a classicaldescription justi�ed (in a certain
momentum range)?

The answers to these questionsobviously depend on the parameterschosen for the
simulations.

In the absenceof a fundamental theory hybrid modelsare taken ase�ective modelsfor
the preheatingstageat the endof cosmicin
ation. The massparametersm2 and v2 and the
coupling constants g and � are then constrainedby the observations of the various CMB
experiments (see,e.g., Refs. [197, 56, 198, 111] for constraints of in
ation from �rst year
WMAP data). In particular the anisotropiesof the correlationsof temperature 
uctuations
in the CMB imply

m2 ' 10� 12m2
pl ; (11.2)

if v2 = 0, i.e., for a plain m2� 2 chaotic in
ation model. A larger in
aton masswould
overestimatethe amplitude of scalar (density) perturbations in the CMB. More generally,
for nonzerov, the in
aton massm has to be chosenvery small [73],

m2 � g2v2 : (11.3)

This relation implies that the potential in the � direction closeto � � 0 is very 
at.
Indeedwhen treating the period after in
ation the in
aton massm2 can be neglected

entirely (seealsothe discussionin [79]); wehavechosenm2 = 0 in the numericalsimulations
throughout. As discussedin [73] the couplings � and g2 can vary over a wide range,
depending on the speci�c preheating scenario. This is interrelated with the particular
choice of the massscalev which is chosento be 1 in the numerical simulations. Since
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we restrict the discussionto Minkowski space-timeits absolutephysical value is irrelevant
here. Of coursethis choiceenters into the time, momentum, and energyscales.

As a concretephenomenologicalmodel preheating after hybrid in
ation can be em-
bedded at least at two manifestly di�erent energy scales. For electroweak preheating
[77, 80, 199, 200, 201], the symmetry breaking �eld mimics the standard Higgs sector of
the standard model, while ignoring contributions from the gaugeand fermion �elds. Of
coursewe would have to generalizethe symmetry breaking �eld to be a complexdoublet
in order to represent the SU(2) symmetry breaking Higgs sector. The vacuum expecta-
tion value v in this casewould be chosenequal to 246 GeV. The classicalHiggs massis
m2

� = �v 2. If the phasetransition at the endof in
ation takesplaceat the scaleof a Grand
Uni�ed Theory (GUT), the symmetry breaking�eld could be, e.g.,a very heavy sneutrino,
i.e., the scalarsuper-partner of oneof the light neutrinos. The reheatingin such a scenario
would comefrom the decay of this heavy sneutrino. We will not restrict our study to one
of thesetwo scenariosin the following.

In order to study the in
uence of the coupling strength g2 and the self-coupling� on
both the classicaland quantum components of the Higgs and the in
aton �elds we have
performed simulations with m2 = 0, v2 = 1, � = 1 �xed, while g2 is equal to 2� , 0:1�
and 0:01� (seeFigs. 11.3,11.4and 11.5) and for g2 = 2� with a smaller coupling � = 0:1
and � = 0:01. The renormalization scalewill be �xed as � 2 = �v 2. In Tab. 11.1 we
have listed the di�erent setsof parameters. With theseparameterchoiceswe include the
di�erent scenariosstudied by other authors [63, 77, 79, 80, 83]. In addition to the mass
and coupling parameterswe have to specify initial amplitudes (and initial velocities) for
the classical�elds. We have chosen� (0) = 10� 7, i.e., a very small value for the initial
amplitude of the classicalHiggs �eld, in order to trigger the \spontaneous" symmetry
breaking. The initial amplitude for the in
aton �eld has been�xed for the simulations in
Figs. 11.3{11.5to � (0) = 1:697� c = 1:2. With this choiceof the initial amplitude there is
a short phaseof slow-rolling of the in
aton �eld until the spinodal regimeis entered.

Table 11.1: Setsof parametersused

Set # g2=� � m2 v2

1 2 1 0 1
2 2 0.1 0 1
3 2 0.01 0 1
4 0.1 1 0 1
5 0.01 1 0 1

In Figs. 11.3{11.5we display the time evolution of the classical�elds � (t) and � (t), of
the variational massesM 2

�� (t), M 2
�� (t) and M 2

�� (t) and of the 
uctuation integrals� (1)
�� (t),

� (1)
�� (t), and � (1)

�� (t). Weobserve that in all three casesthe Higgs�eld � (t) oscillatesaround
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a nonzerovalue at later times (seethe dashedline in Figs. 11.3a{11.5a),while the in
aton
�eld oscillatesaround zero(solid lines in Figs. 11.3a{11.5a).

We have identi�ed three time regimesin the simulations that we want to investigate
further in the following. The regimesare described as follows:

(I) Initial period, end of slow-roll. Here M 2
�� (t) > 0. A phaseof featurelessrolling of

the in
aton �eld after the main period of in
ation. Quantum 
uctuations are almost
negligible.

(I I) Early times, spinodal regime, M 2
�� (t) < 0 or oscillating several times around zero.

Spinodal ampli�cation of Higgsquantum 
uctuations and exponential growth of � (t).

(I I I) Intermediate and late times, M 2
�� (t) > 0 and oscillations of the classical �elds.

Excitation of in
aton and mixed quantum 
uctuations, parametric resonancebands
in all momentum spectra.

The �rst period (I) is easyto identify in Figs. 11.3{11.5: only the in
aton decreaseswith
time in smooth way while the Higgsmean�eld is still practically zero.

In the early time period (I I) the in
aton �eld passesthrough zeroonceor several times,
dependingon the couplingg2, seeFigs. 11.3{11.5. The period is identi�ed by an increaseof
j� (t)j and endsonce� (t) beginsto oscillate in a regular way. A closeranalysisshows that
the amplitude of the classicalHiggs�eld growths exponentially . In Fig. 11.6we display the
absolutevalue j� (t)j on a logarithmic scale,for simulations with g2 = 2� , � = 1, m2 = 0,
v2 = 1, and � (0) = 10� 7 �xed, while the initial amplitude of the in
aton �eld, � (0), is
varied from 1:2 to 1:8. The exponential growth sets in when � (t) becomessmaller than
the critical value � c [seeEq. (3.10)] and stopswhen � (t) reachesthe turning point which
is at j� (t)j � 1. There doesnot seemto be a systematic trend for the dependenceof the
period of growth on � (0).

The regime(I I) can be very short. For the simulation with a small coupling g2 = 0:01�
the transition to the broken symmetry phasecan take placewithin a single oscillation of
the in
aton �eld (seeFig. 11.5a).

The intermediate and late time period (I I I) is characterized by oscillations of both
the in
aton and the Higgs �eld, with essentially constant period and amplitude (see,e.g.,
Fig. 11.5a). The Higgsmean�eld may oscillatearounda nonzerovalue,related to a broken
symmetry minimum of an e�ective potential (seebelow) or around � = 0, to be identi�ed
with symmetry restoration. (This will be further analyzedin Sec.11.4.) We immediately
observe in Figs. 11.3{11.5that in region (I I I) the �eld amplitudes of the classical�elds (�
and � ) and also the amplitudes of the various 
uctuation integrals (� �� , � �� , and � �� )
remain almost constant asa function of time. Thus, e�ective dissipative dynamicsand fur-
ther production of quanta doesnot take place. This is di�erent from investigationswithout
back-reaction of the quanta onto themselves[86] (seealso the discussionin Secs.11.5and
11.7).

The rich dynamics in the hybrid model is due to the mixing of the coupled �elds. In
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Figure 11.3: Time evolution for the simulation with g2 = 2� . Initial values: � (0) = 1:2
and � (0) = 1:0 � 10� 7; other parameters: m2 = 0, � = 1, v2 = 1; we plot as a function
of time (a) the classical�elds � (t)=� c (red solid line) and � (t)=v (greendashedline), (b)
the e�ective massesM 2

ij (t) with ij = �� (red solid line), ij = �� (green dashedline)
and ij = �� (blue dotted line) (c) the 
uctuation integrals � ij (t) with ij = �� (red solid
line), ij = �� (greendashedline) and ij = �� (blue dotted line); the vertical dotted lines
indicate the times wheret is equal to 19:5, 51:3, and 100:2 (seealsoSec.11.5).
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Figure 11.4: The sameas Fig. 11.3 but for g2 = 0:1� ; note that the time axis has a
di�erent range.
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Figure 11.5: The sameas Fig. 11.3but for g2 = 0:01� . The transition of the symmetry
breaking �eld � from the metastablevacuum is completedwithin lessthan oneoscillation
of the in
aton �eld � ; note that the time axis hasa di�erent range.
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order to quantify the mixing we de�ne a time-dependent mixing angleas

tan #(t) =
1

2M 2
�� (t)

�
M 2

�� (t) � M 2
�� (t) +

q �
M 2

�� (t) � M 2
�� (t)

� 2
+ 4M 4

�� (t)
�

:

(11.4)

In Fig. 11.7 we plot #(t) for the simulation in Fig. 11.3. We observe that there are many
oscillations around zero. Obviously the mixing of the �eld changesdrastically with time.
The bigger spikesare due to zerosin M 2

�� (t).
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Figure 11.7: Time dependent mixing angle#(t) (in degree)as de�ned by Eq. (11.4) for
the simulation in Fig. 11.3; for t . 50 the mixing is roughly zero but increasesfor later
times; obviously there is a continuousexchangeof energybetweenthe coupled�elds.

We have alsorun simulations with smallervaluesof the Higgsself-couplingconstant � ,
namely � = 0:1 and � = 0:01 and comparedthem to the casewhere� = 1 (we have �xed
g2 = 2� in thesecases).As long as the Higgs �eld is trapped in a metastablephasethe
coupling constant � is unimportant. Once the spinodal regime is entered there are still a
couple of oscillations of the in
aton �eld � until the Higgs �eld � reaches its maximum
value for the �rst time. We note that this number of oscillationsgoesslightly down from
� 5 for � = 1 to � 1 for � = 0:01. However, there is a quite complex dependenceon
the other parameterstoo and it is not the goal of this thesis to explorethe full parameter
spacein detail. Rather we will take the exemplaryvalue � = 1 in most casesand focuson
someobservableswhich can be of physical interest.
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11.3 Phase-space tra jectories

The dynamics of the classical�elds and their respective quantum 
uctuations is rather
complicated,mainly due to the coupling of the �elds. The reasonfor complexdynamical
behavior of the systemis that the �eld amplitudes of the various �elds can be of the same
order.

In Fig. 11.8 and Fig. 11.9 the phase-spacetra jectory f � (t); � (t)g is shown for two
simulations with identical parametersm2 = 0, v = 1, g2 = 2� , � = 1, and � (0) = 1 � 10� 7

but slightly di�erent initial energy densities. For the simulation in Fig. 11.8 we have
chosen� (0) = 1:9 and for Fig. 11.9 � (0) = 2:1. We have alsoplotted contour lines for the
corresponding classicalpotential asde�ned in Eq. (3.9). We immediately observe that the
classical�elds � (t) and � (t) do not lie on a simplephase-spacetra jectory in neither of these
two examples. Moreover, for the simulation in Fig. 11.8 there seemsto be an attractor
at � � 0 and � � 0:6, while for the simulation in Fig 11.9 the attractor is suspected at
� � � � 0. We will analyzein detail in Sec.11.4how the dynamicsand late time behavior
is a�ected by the initial energydensity [via di�erent valuesof � (0)].
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c(
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``End''

Figure 11.8: The solid line represents the phase-spacetra jectory of the classical�elds � (t)
and � (t) for a simulation with � (0) = 1:9 (other parametersas in Fig. 11.3); the dashed
lines represent contour linesof the classicalpotential (seeFig. 3.2). The dynamicsappears
to be rather chaotic, however, �nally the �eld � oscillatesaround a nontrivial minimum
indicating spontaneoussymmetry breaking; note that the quantum 
uctuations shift the
position of the minimum.

Variousauthorshavealsostudiedthe complexdynamicsin hybrid modelsby calculating
Lyaponov exponents (or similar quantities) and found somehints for chaotic dynamics
[202,203].
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Figure 11.9: The sameas Fig. 11.8 but for � (0) = 2:1; at later time the �elds oscillate
around the trivial minimum indicating symmetry restoration.

11.4 Late time averages|Phase transition

The amplitudes of the classical�elds � and � decreasevery slowly, if at all, at late times,
i.e., oncethey have started to oscillatein a kind of e�ective potential. Though we make no
attempt to reconstruct such a potential in detail, the oscillationsallow to concludeon the
minimum and the rangeof such an e�ective potential for both the Higgsand in
aton �elds.
In this sensewe can speakof a symmetric or broken symmetry phasefor the Higgs �eld, if
the minimum of its e�ective potential is at � = 0 and � 6= 0, respectively. Weassociate this
minimum with the time averageof the Higgs�eld at late times. The shape of the e�ective
potential dependshere on the energydensity (in placeof the temperature) and therefore
on the initial value of the in
aton �eld. The questionof spontaneoussymmetry breaking
and of the point of the phasetransition reducestherefore to �nding the dependenceof
� (t ! 1 ) on the initial value � (0).

In order to study this issuewe have performed a seriesof simulations where we have
varied the initial amplitude � (0) while keepingall the other parameters�xed. In Fig. 11.10
the time evolution of � (t) for simulations with � (0) = 1:9, 2:0 and 2:1 is displayed. The
other parametersare g2 = 2� , � = 1, v = 1, m = 0 and � (0) = 10� 7.

A �rst inspection suggeststhat there is a phasetransition between � (0) = 2:0 and
� (0) = 2:1, as for the latter simulation the �eld � oscillates around zero. From the
simulation with � (0) = 2:0 in Fig. 11.10 it becomesapparent that the �eld � can jump
several times from one \minim um" to the other if � (0) is closeto the critical point of the
phasetransition. This is typical for a �rst-order phasetransition and has beenobserved
in the scalarO(N ) model in the Hartree approximation aswell [192].

In Fig. 11.11we display the time averagesj� (1 )j and M 2
�� (1 ) as a function of the
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Figure 11.10: Time evolution of � (t) with parametersas in Fig. 11.6 but for the initial
values� (0) equal to 1:9 (dashedline), 2:0 (greensolid line) and 2:1 (dotted line).

initial amplitude � (0). The other parametersare �xed to g2 = 2� , � = 1, v = 1, m = 0
and � (0) = 10� 7.

A �rst-order phasetransition is signaledby a non-continuous drop of the minimum
value j� (1 )j and the e�ective massM 2

�� from �nite (positive) valuesto zero. This indeed
is the caseand we can extract a value for this drop as � drop � 2:011� 2:844� c, where � c

denotesthe critical value asde�ned in Eq. (3.10). Closeto � drop the Higgs �eld may jump
several times from oneminimum to zeroasit already doesfor � = 2:0 (seethe solid line in
Fig. 11.10). Sincewe have neglectedspace-timeexpansionin our analysis,we should also
be careful when interpreting such a result with respect to the mechanism how in
ation
terminates in the hybrid model. Moreover, the details of this phase transition depend
on the parameters. In Fig. 11.12we display a corresponding plot of the averagedvalues
j� (1 )j and M 2

�� (1 ) for simulations with g2 = 0:01. The phasetransition is suspected
roughly at � drop � 28:5 = 2:85� c. Note that we have to go to much later times if the
coupling constant g2 is small.

11.5 Momen tum spectra

Using the amplitudes f �
j (t; p) we can de�ne various \p ower spectra". One of those is

the integrand of the 
uctuation integrals � ij (t), i.e., the tadpole contributions. We have
already introducedthe kernel

Gij (t; t; p) = h~� �
i (t; p) ~� (t; p)i =V ; (11.5)
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in terms of which we de�ne the power spectrum of the 
uctuation amplitudes

Pij (t; p)
p

= Gij (t; t; p)
p2

2� 2
(11.6)

by including the momentum phasespacefactor.
In Fig. 11.13we display the momentum spectra of all 
uctuations for the simulation

in Fig. 11.3. The plots show the absolutevaluesin the p � t plane as gray-scaledmaps.
White points correspond to zero, black points to the maximum value in each case. The
three time regimesdescribed in Sec.11.2 are clearly visible here. Regime(I) rangesfrom
t = 0 to t � 20, and is followed by regime(I I) up to t � 60. Finally, regime(I I I) ranges
from t � 60 to the end of the simulation. In Fig. 11.14we display the samespectra at
selectedtimes t equal to 19:5, 51:3, and 100:2. Thesetime stepsare indicated in Fig. 11.3
by vertical dashedlines and in Fig. 11.13by small arrows.

We have subtracted the free �eld part and the �rst order perturbative part of this
kernel, both for Fig. 11.13and Fig. 11.14,analog to the right hand side of Eq. (10.23).
The free�eld part riseslinearly with momentum; for p = 2, the maximal value usedin our
plots, hastypical valuesof 0:05 and would be visible. It makesthe tadpole integralsdiver-
gent; as discussedabove, in our computations this divergenceis absorbed by dimensional
regularization and renormalization.

At early and intermediate times the Higgs 
uctuations dominate. The in
aton and
mixed 
uctuation spectra only appear in the late-time regime,however, they are subdom-
inant even there. At early times, t . 20 the Higgs spectrum is generatedby negative
squaredmassesas in tachyonic preheating or quench scenarios.In Ref. [80] it was found
that the peak in the momentum spectrum pP�� (t; p) can be �tted by a Gaussian; we
similarly �nd, at t = 19:5, a spectrum

pP�� (t; p) ' A exp
�
� B (jpj � C)2

�
(11.7)

with

A = 0:4482� 0:0038; (11.8)

B = 36:1115� 0:7131; (11.9)

C = 0:307995� 0:001168: (11.10)

At intermediate times the smooth peak broadensand decays into spikes, typical of
parametric resonance.Parametric resonancealso dominates the shape of the spectra at
late times. As the period and amplitude of oscillation changevery slowly, the width of the
spectrum remainsalmost constant.

11.6 Correlation functions

Many authors have studied spatial correlation functions in the presenceof spontaneous
symmetry breaking (see,e.g.,Refs. [89, 90]).



11.6.Correlation functions 129

(a)

 0

 0.05

 0.1

 0.15

 0.2

 0.25
ff

 0  20  40  60  80  100

t

 0

 0.5

 1

 1.5

 2

p

(b)

 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 1.8

cc

 0  20  40  60  80  100

t

 0

 0.5

 1

 1.5

 2

p

(c)

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3
fc

 0  20  40  60  80  100

t

 0

 0.5

 1

 1.5

 2

p

Figure 11.13: Momentum spectra Gij (t; t; p)p2=(2� 2) for the simulation in Fig. 11.3.
The x-axis shows the time t and the y-axis the momentum p. The absolute values
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in each case. Displayed are: (a) the in
aton 
uctuations ij = �� , (b) Higgs 
uctuations
ij = �� , (c) mixed 
uctuations ij = �� . The small arrows pointing on the x-axis indicate
the times t = 19:5, t = 51:3 and t = 100:2 (seealsoFig. 11.14).
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Figure 11.14: Momentum spectra Gij (t; t; p)p2=(2� 2) for the simulation in Fig. 11.3 at
the times t = 19:5 (left), t = 51:3 (middle) and t = 100:2 (right).

We de�ne the correlation function betweenthe di�erent 
uctuations as

Cij (r; t) =
Z

d3p
(2� )3

ei p �x Gij (t; t; p) (11.11)

=
Z

d3p
(2� )3

ei p �x
X

�

1
2! �

Re
�
f �

i (t; p)f � �
j (t; p)

�

=
1

2� 2 r

Z 1

0
dppsin(pr)

X

�

1
2! �

Re
�
f �

i (t; p)f � �
j (t; p)

�
: (11.12)

We considerherethe correlationsof the Higgs
uctuations (i = j = 2), which aredisplayed
in Fig. 11.15. We observe the correlations to be mainly positive and propagating with
� r = 2� t, as also found in the large-N approximation [90]. The propagation with twice
the speedof light can be related to the fact that the quantum 
uctuations are correlated
by the mean�elds whosein
uence propagatesin opposite spacedirections. Usually this is
corroborated by a strong decreaseof such correlationswhen the mean�eld amplitude goes
to zero [192].

11.7 Decoherence

One of the important questionsis the justi�cation of using classicalinstead of quantum
dynamics. In the context of nonequilibrium quantum �eld theory this has beendiscussed
in Refs. [87, 88, 204] and applied to the hybrid model in Refs. [84, 80]. We usehere the
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(a)

(b)

Figure 11.15: Plotted in the r -t plane is the correlation function rC�� (r; t); (a) 3D plot
(b) 2D map in which the gray-scalecoding indicates values for rC�� (r; t) between � 0:2
(white) and 1:8 (black); the plots are cut in the r -t plane if r > 2t; in this particular
simulation the spinodal regime is entered at t � 20 which initializes the development of
spatial correlationsof the Higgs�eld; the transition of the order parameter� from the false
vacuum to the stable vacuum is �nished at t � 60 indicating the dilution of correlations;
parametersas in Fig. 11.3.
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de�nitions of Ref. [80], adapted to our normalization. The \classicality" is measuredby
the imaginary part F (t; p) of a correlation function,

Fij (t; p) = Im

"
X

�

f � �
i (t; p) _f �

j (t; p)

2! � (p)

#

: (11.13)

The real part of the bracket is associated with the commutator. The criterion for a classical
description is given by

jFii j � 1 (no summation over i ) : (11.14)

We display the time for the onset of classicality (\decoherencetime") as a function of
momentum p for a simulation with g2 = 2� in Fig. 11.16and for a simulation with g2 =
0:01� in Fig. 11.17. The time tdec is implicitly de�ned by jFij (tdec; p)j = 1.
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Figure 11.16: Decoherencetime tdec(p) for which a given mode p becomes\classical"
(jFij (tdec; p)j = 1) for the simulation in Fig. 11.3with g2 = 2� ; the red solid line represents
the in
aton (i = j = 1) and the greendashedline the Higgsmodes(i = j = 2); the dotted
line corresponds to tdec / p2.

As far as the Higgs 
uctuations (i = j = 2) are concernedthe �gures can be compared
to thoseof Refs.[80, 84]. Theseauthors considerthe creation of quantum 
uctuations via
the spinodal instabilit y. They assumefor the massof the Higgs 
uctuations a behavior
M 2

�� / (t0 � t), wheret0 marks the onsetof the spinodal regime. That way they simplify
the time evolution without consideringany back-reactions (see also Refs. [79, 82, 87]).
In this casethe mode functions becomeAiry functions and the results can be written in
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Figure 11.17: The sameasFig. 11.16but for g2 = 0:01� corresponding to the simulation
in Fig. 11.5.

analytic form. The boundary jF (t; p)j = 1 between the classicaland quantum regimes
then behaves roughly as t / p2 [79, 80, 84]. As displayed in Fig. 11.16 and 11.17 the
shape of this boundary is quite di�erent in our simulations, the classicalregime remains
limited within a �xed momentum band at all times. When we include back-reaction, the
behavior of the massterm is linear in time only in a very limited time interval; furthermore,
due to the in
aton oscillations, the processrepeatsseveral times. The limited momentum
band for which the modescan be consideredas classical,can be seenas a consequenceof
parametric resonance.Due to the lack of strong dissipation the oscillationsof the classical
�elds persist at late times, and thereforealso the resonanceband. Whether and for which
time period this is physical or unphysical cannot be determinedwithin the approximation
usedhere,even though it is certainly more elaborate as previousapproaches.

For the in
aton 
uctuations, not consideredin Ref. [80, 84], the structure of the curves
shows that 
uctuations at very small momenta becomeclassicalas early as those of the
Higgs�eld, while thosefor larger momenta develop at later times. Presumably, this is due
to a stronger role of parametric resonancefor the evolution of in
aton 
uctuations. Again
the band of momenta for the classicalregime remains sharply cut o� even at late times.
Concerningthe dependenceon the parameterg2 the details of the evolution of the in
aton

uctuations can be slightly di�erent, while the Higgs 
uctuations evolve in a similar way.
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Conclusions of Part I I I

We have studied aspects of the nonequilibrium dynamics in a hybrid in
ation model [73].
The hybrid model discussedhere corresponds to the original proposal by Linde, using a
double well potential [73].

Oneimportant result of our work is the consistent implementation of renormalizedequa-
tions in the presenceof quantum back-reaction for a fully coupledsystemof two quantum
�elds. We have used a one-loop bubble-resummedapproximation. In the semiclassical
one-loop approximation [86, 191], i.e., without quantum back-reaction, it is impossibleto
study the falsevacuumtransition, sincethe systembecomesdynamically unstable,and the
approximation breaksdown. We have demonstratedthat renormalization in the presence
of quantum back-reaction is conceptionallynot complicated,although it leadsto involved
calculations. We considerthis as an essential achievement of our work, which will alsobe
important when extending the model further by including the coupling to gravit y and to
gauge�elds whereproper renormalization is indispensable[205]. However, when including
gauge�elds, we would have to discussgaugeparameter dependences[206, 207, 208, 209]
which are unavoidable in 2PI resummationschemes.We have alsoworked with Minkowski
space-timefor simplicity. There are no conceptional di�culties to extend the methods
presented here to include space-timeexpansionvia the coupling to gravit y. The renor-
malized nonequilibrium dynamics in Friedmann-Robertson-Walker cosmologiesand with
simple scalarmodelshasbeeninvestigated,e.g., in Refs. [205, 210].

In the hybrid model the in
ationary stageendswith a phasetransition of a symmetry
breaking �eld that evolvesfrom a falsemetastablevacuumphaseto a stable vacuum. Our
numerical simulations display the expected transition to a broken symmetry phaseif the
initial in
aton amplitude is not too large. A possibleintermediate restoration of symmetry
by quantum 
uctuations would be followed by a later transition to the broken symmetry
state after further cosmologicalexpansion. Possibleconsequenceslike the unwanted for-
mation of topological defectshave been discussedin the literature [211, 212, 213, 214].
We found that the phasetransition can happen almost instantaneouslyfor small coupling
betweenthe �elds, asobserved in classicalsimulations using inhomogeneous�elds [63],but
also more slowly for larger coupling. In the latter casethe evolution and back-reaction
of quantum 
uctuations delays the transition from the metastablevacuum to the stable

135
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vacuum, so that neglectingspace-timeexpansionmay no longer be justi�ed.
We have calculated the boundariesbetween regions where a quantum description is

neededand those where one may have recurseto classicalevolution equations. We �nd
marked di�erences with respect to previous work in similar models [80, 84], where the
production of quanta is described in a simpli�ed way, using a squaredmassof the Higgs
�eld passinglinearly through zero. We �nd numerically that the back-reaction limits the
classicalregimeto a low-momentum region�xed for all times. Largeexcitationsof quantum

uctuations seemto justify the transition to a classicaldescription in this momentum
region. However, one has to keep in mind that �nally one wants to end up with an
ensemble described by quantum statistics which is used in the standard thermal history
of the early universe. The classicalensembles su�er from the Rayleigh-Jeansdivergence,
which is incompatible with the �nite amount of initial energydensity. This automatically
forcesthe 
uctuations back to the quantum regime.

For electroweakor GUT-scalepreheatingthe Higgssectoris basedon a symmetry group
like SU(N ) or SO(N ) and will in generalhave more degreesof freedom. Near the spinodal
point all massesdegenerate,and this fact hasbeenusedin somestudies[80] in the way of
just using nH identical copiesof one and the samedegreeof freedom. However, oncethe
meanvalue of the Higgs �eld departs from zero, there will be a nontrivial massmatrix for
the quantum 
uctuations with several masslessdegreesof freedom,the would-beGoldstone
bosons.It canbe expectedthat this will modify the quantum back-reaction in an essential
way. While this goesbeyond the scope of the present investigation, there are somestudies
usingclassicaldynamicswith morerealistic Higgssectors[63,83, 215,216]. Our formalism
allows for a generalizationtowards more realistic Higgs sectors,albeit with the limitation
of homogeneousbackground �elds.

Though our approximation is certainly moreelaborate than previousapproaches[80,84,
86], it lacks an e�cien t mechanismfor dissipation. Oncethe phasetransition is completed,
as indicated by the mean �eld � oscillating around a nonzeroexpectation value, the am-
plitude of the �elds � and � , aswell asof the di�erent 
uctuation integrals remainsalmost
constant asa function of time. This is consideredto bea generaldrawback of leading-order
or mean-�eld approximations. Production of particles does not proceede�cien tly. The
situation would improve, however, even in our approximation, if Goldstone modes were
included [192]. Dissipation via particle production is also found in O(N ) models when
using the large-N limit [59]. In more realistic modelsdissipation may proceedin addition
via fermion and gauge�elds, even for tree-level approximations in the fermionic case[195].
Strong dissipative dynamics are also expected in approximations beyond leading-order
or mean-�eld approximations, i.e., if scattering processesbetween quantum 
uctuations
are included. Recent investigationsof various authors are basedon next-to-leading order
approximations of the 2PI e�ective action approach. In Refs. [182, 185] simple 1+1 di-
mensionalmodels have beeninvestigated(seealsoRefs. [91, 92]). In Refs. [183, 186, 189]
the unrenormalizedequationsof motion are solved using lattice cut-o�s. In thesenext-to-
leading-orderstudiesthe systemsunder investigation display dissipative dynamicsfor the
classical�elds, aswell as the tendencyto loseinformation about the initial state, which is
a prerequisitefor thermalization. By today, hybrid models,i.e., modelswith coupledscalar
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�elds, have not beenstudied at next-to-leadingorder. However, the generalexpectation is
that higher order e�ects becomee�ective only when quantum 
uctuations have grown to
su�cien t size. In the earlier stagesthe one-loop bubble-resummedapproximation, which
we have usedhere, should be able to provide reliable information on the dynamicsof the
falsevacuum transition.





App endix A

App endix to Part I I

This Appendix covers someformulae for the error control function usedin Chap. 5, and
somecomments on details of the numerical implementation (Chap. 6).

A.1 Error bounds

A key advantage of the uniform approximation presented in Ref. [42] is the uniform con-
trol over remainder terms. This control is obtained by carefully separatingthe dominant
in
uence in the coe�cien t functions of the ordinary di�erential equations. Becauseof this
uniform control, the approach is superior to the earlier results of Langer (for a good de-
scription seeRef. [217]). Additionally , Olver [42] constructs higher order approximations
not present in the original work. In this Appendix we review in detail the generalerror
formulae given by Olver. The errors in Eqs. (5.17) and (5.18) are boundedby

j� (1)
2n+1 ; �

(b;� )j

M (b2=3� )
;
j@� (1)

2n+1 ; �

(b;� )=@� j

b2=3N (b2=3� )
� 2E � 1(b2=3� ) exp

�
2� V� ;� (j� j1=2B0)

b

�
V� ;� (j� j1=2Bn )

b2n+1
;

(A.1)

j� (2)
2n+1 ; �

(b;� )j

M (b2=3� )
;
j@� (2)

2n+1 ; �

(b;� )=@� j

u2=3N (b2=3� )
� 2E(b2=3� ) exp

�
2� V�;� (j� j1=2B0)

b

�
V�;� (j� j1=2Bn )

b2n+1
;

(A.2)
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whereM (x) and N (x) are modulus functions, and E(x) is a weight function de�ned as

M (x) =
p

2Ai(x)Bi( x) for x � c;

M (x) =
q

Ai 2(x) + Bi2(x) for x � c; (A.3)

N (x) =
�

Ai 02(x)Bi 2(x) + Bi02(x)Ai 2(x)
Ai (x)Bi( x)

� 1=2

for x � c;

N (x) =
n

Ai 02(x) + Bi02(x)
o1=2

for x � c; (A.4)

E(x) =

s
Bi(x)
Ai( x)

for c � x � 1 ;

E(x) = 1 for � 1 � x � c; (A.5)

and c ' � 0:36605.Someexplicit numerical valuesof thesefunctions are given in Ref. [42].
The auxiliary quantit y � is de�ned by

� = sup
(�1 ;1 )

�
� jxj1=2M 2(x)

	
: (A.6)

A numerical estimate is � ' 1:04 [42]. Finally, in Eqs. (A.1) and (A.2), we introduced
the total variation V�;� (f ) of a function over the interval (� ; � ). The total variation of a
function f (x) over an interval (� ; � ) is the supremum

V�;� (f ) = sup
f � � x0< ��� <x n < ��� � � g

n� 1X

s=0

jf (xs+1 ) � f (xs)j; (A.7)

for unboundedn and all possiblesubdivisions of the interval, � � x0 < � � � < xn � � . In
caseof a compact interval [� ; � ] one possiblesubdivision is given by n = 1, x0 = a, and
x1 = b. Hence

V�;� (f ) � jf (� ) � f (� )j: (A.8)

Equality holds if f (x) is monotonic over [� ; � ]. When f (x) is continuously di�erentiable
in [� ; � ] we have

V�;� (f ) =
Z �

�
jf 0(x)jdx: (A.9)

A.2 Numerical implemen tation details

A.2.1 Momen tum discretization

The actual momentum discretization chosenfor numerical work is arbitrary but it is a
good idea to adjust the chosenvaluesof the momenta so that the relation

�� 2( �� ) = k2 �� 2 ) g(k; �� ) = 0; (A.10)
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de�ning the momentum-dependent turning points �� = �� (k) is satis�ed exactly, eventhough
the conformal time is known only at discretepoints. This can be doneby locking the mo-
mentum discretization to the time discretization, i.e., by guaranteeing that if the time
discretization is given, k discretization points are chosenonly if they satisfy Eq. (A.10). Of
coursea prede�ned momentum discretization is unnecessaryif we only wish to calculate
power spectra and spectral indices in the uniform approximation; the prede�ned momen-
tum discretization is used only for initializing the mode functions in the mode-by-mode
approach, wherewe needthe integrals on the left of the turning point.

A.2.2 Spectral indices in the uniform appro ximation

The integral for the spectral index has a squareroot singularity at � = �� and is handled
specially in the numerical routine. We split the integral appearing in the spectral index
into two parts:

Z �

��

d� 0

p
g(k; � 0)

=
Z �� +� �

��

d� 0

p
g(k; � 0)

+
Z �

�� +� �

d� 0

p
g(k; � 0)

;

(A.11)

where� � is a smallquantit y. Note that � � is really k-dependent, becausethe discretization
in � is not equidistant.

In the �rst integral we cansubstitute � 2(� ) by �� 2( �� ), i.e., insert the leadingorder of the
local approximation. The �rst integral can then be calculatedanalytically and keepstrack
of the inversesquareroot singularity, while the secondintegral hasno singularity and can
beeasilycalculatednumerically. The quantit y � � is givenby the actual time discretization
in physical time t that we have chosen.It is further requiredthat � 2�� > � � , i.e., � � must
be su�cien tly small. As �� (k) ! 0� in the limit k ! 1 , this relation also constrainsthe
highest reliable mode for a given time discretization in the exact numerical results. The
�rst integral gives

Z �� +� �

��

d� 0

p
g(k; � 0)

'
Z �� +� �

��

d� 0

q
�� 2

� 02 � k2
=

1
k

p
� 2�� � � � � � 2: (A.12)

In order to avoid calculating the integrals numerically up to � ! 0� , we calculate the
remainderof the integral from an asymptotic value � a, where the integrand is su�cien tly
small and we can stop the numerical integration, to � = 0� , assuming that � 2(� ) '
� 2(� a) + 2� (� a)� 0(� a)( � � � a). Then we have

� 2k2 lim
k� ! 0�

Z �

� a

d� 0

q
� 2 (� )
� 02 � k2

' � 2
p

� 2(� a) � 2� (� a)� 0(� a)� a + 2
p

� 2(� a) � k2� 2
a

�
2� (� a)� 0(� a)

k

�
arcsin

2� (� a)� 0(� a)p
�

� arcsin
2� (� a)� 0(� a) � 2k2� ap

�

�
;(A.13)
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with
� = [2� (� a)� 0(� a)]2 + 4k2[� 2(� a) � 2� (� a)� 0(� a)� a]: (A.14)

Alternativ ely, it is possible to convert the evaluation of the spectral index into the
problem of solving a di�erential equation, rather than evaluating an integral. The limit
k� ! 0� in Eq. (5.50) is interchangeablewith a conformal time derivative, so that the
physical time derivative of the spectral index reads

_nS[k; � (t)] = � 2k2 1

a(t)
p

gS(� ; k)
: (A.15)

In order to avoid the squareroot singularity the integration starts at � = �� + � � , so that
the \initial" condition

nS(k; �� + � � ) = 4 � 2k
p

� 2�� � � � � � 2 (A.16)

includesthe integral in Eq. (A.12). It is understood that the limit k� ! 0� is taken when
calculating nS(k). The integration of the di�erential equationwith a high order integrator
is more precisethan a standard trapezoidalrule. In contrast, as the discretization in � is
not equidistant, higher order integration schemeswould be somewhatmorecomplicatedto
implement. However, we have veri�ed that a standard trapezoidalintegration rule already
gives su�cien tly preciseanswers. In fact, the local approximation for the spectral index
at leading order is quite closeto the numerical nonlocal integral in the caseswhere the
derivative expansionis valid.

A.2.3 Conversion to physical units

For completeness,we explain herehow units are handledin the numerical implementation.
As always, it is convenient to work in dimensionlessunits, i.e., by choosing~ = c = 1. In
addition, we set the factor 8� G in the Friedmann equation in the numerical code to unity.
Thesechoiceslead to valuesfor the input parameters,e.g., initial conditions and coupling
constants, of order unity. This helpsto prevent numerical problemsarising from very large
or very small numbers. In order to reconvert the dimensionlessunits to physical units the
Hubble parameterH has to be rescaledvia

Hphys =
p

8� H0H; (A.17)

whereH is the dimensionlessHubbleparameterusedin the codeandH0 = 100h km s� 1 Mpc� 1.
The rescaledmomentum k in physical units h Mpc� 1 is thereforegiven by

kphys =
p

8�
h

100ca(0)
k km s� 1 Mpc� 1; (A.18)

with c = 2:99792458� 105 km s� 1. The initial expansionrate is a(0). Throughout the
paper we have dropped the su�x \ph ys" implying that all results are given in physical
units.
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Next we discussthe normalization of the amplitude of the power spectrum. The power
spectra for scalarand tensor perturbations asde�ned in Eqs. (2.51) and (2.52) are dimen-
sionlessand thereforenot sensitive to the units of k. Their amplitude is determined fully
by the parameterschosenin the in
aton potential V (� ). Sinceparameterssuch as the in-

aton massm2 in a chaotic m2� 2 model aregenerallynot known, we present the results for
the power spectra with respect to the WMAP normalization wherethe amplitude of scalar
perturbations is given by j� R2j = 2:95� 9A with A = 0:9 � 0:1 (at k� = 0:05=Mpc), see
Refs. [8, 218]. Using the fact that for a �xed number of e-folds,counted from the horizon
crossingof k� , the parametersin the monomial potentials simply lead to a global normal-
ization factor [34] we can avoid having very small numbers in the numerical calculations
and just normalizethe spectra afterwards. When stating resultswe give the parametersin
the potential corresponding to the WMAP normalization in each case.
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B.1 Iden tities for Feynman diagrams

We list someidentities for Feynmandiagramswhich have beenusedin order to extract the
divergencesfrom the �nite parts (seeSec.10.28). The divergent terms have beenexpressed
in terms of three-dimensionalmomentum integrals. These integrals can be converted to
four-dimensionalintegralsand conventional regularization techniqueslike dimensionalreg-
ularization can be used.

Within dimensionalregularization (D = 4 � � ) the following identities (no summation
over Greek indices) hold
Z

dD � 1p
(2� )D � 1

1
2! � ! � (! � + ! � )

=
Z

dD p
(2� )D

1
(p2 � m2

0; � + io)(p2 � m2
0; � + io)

(B.1)
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m2
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#

; (B.2)

and
Z

dD � 1p
(2� )D � 1

1
2! �

=
Z

dD p
(2� )D

i
p2 � m2

0; � + io
(B.3)

= �
m2

0; �

16� 2

�
L � � ln

m2
0; �

� 2
+ 1

�
; (B.4)

with

! � =
q

m2
0; � + p2 ; (B.5)

L � =
2
�

� 
 + ln 4� : (B.6)

The corresponding Feynmandiagramsare depicted in Fig. B.1. Note that
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: (B.7)
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(a) 0,b
2m

m0,a
2

(b)

m0,a
2

Figure B.1: (a) The Feynmandiagram with a topology of a �sh graph corresponding to
Eq. (B.1) (b) the tadpole type graph corresponding to Eq. (B.4); in both diagrams the
lines denotefree propagatorswith the initial massesm2

0; � and m2
0; � , respectively.

An identit y that is neededfor the renormalization of the energyis given by

Z
dD � 1p

(2� )D � 1
! � =

m4
0; �

32� 2

�
L � � ln

m2
0; �

� 2
+

3
2

�
: (B.8)

B.2 Expansion of the mode functions

In this Sectionwe will present the isolation of the divergencesvia a perturbative expansion
of the modefunctions (seee.g. Refs.[76, 191]) for the caseof a coupledsystemof equations.

Let us split the mode functions f �
i into a freepart containing the initial matrix Oij and

higher order terms represented by the reducedmode functions h�
i , i.e.

f �
i (t; p) = e� i! � t [Oi� + h�

i (t; p)] : (B.9)

Hereand in the following no summationover Greekindicesis meant if not explicitly stated.
If we de�ne a potential

Vij (t) = M 2
ij (t) � M 2

ij (0) ; (B.10)

the di�erential equation (9.11) is equivalent to the following integral equation:

f �
i (t; p) = e� i! � tOi� +

Z t

0
dt0K ret

ij (t � t0; p)Vj k(t0)f �
k (t0; p) :

The retarded kernel of the free equation is given by

K ret
ij (t � t0; p) =

X

�

i
2! �

�( t � t0)Oi� Oj �

h
ei! � (t � t0) � e� i! � (t � t0)

i
: (B.11)
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Inserting the retarded kernel in the integral equation gives

f �
i (t; p) = e� i! � tOi� +

Z t

0
dt0

X

�

i
2! �

Oi� Oj �

h
ei! � (t � t0) � e� i! � (t � t0)

i

�V j k(t0)f �
k (t0; p) (B.12)

= e� i! � t

�
Oi� +
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0
dt0Vj k(t0)

X
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i
2! �

Oi� Oj � Ok� (B.13)

�
�
ei (! � + ! � )( t � t0) � e� i (! � � ! � )( t � t0)

��
+ : : : ; (B.14)

wherein addition the decomposition in Eq. (B.9) hasbeenused. The dots imply the higher
order terms with h�

i that we do not needfor the analysisof the divergenceshere.
By partial integration the divergent contributions can be isolated in the usual way,

f �
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�
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��
+ : : : :

This expressionand its complexconjugateare all that is neededto calculatethe divergent
contributions in � ij (t). The divergent part of the symmetrizedGreen'sfunction follows as

1
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: (B.16)

The integral of Eq. (B.16) over d3p becomesdivergent. We will use them as subtraction
terms in the 
uctuation integrals in � (1)

ij (t) and E (1) (t) [seeEqs. (9.17) and Eq. (10.54)].
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The divergencesin the energycan be found in an analogousway by inserting f �
i (t; p)

and its time derivative in the one-loop energypart E (1) (t) [seeEq. (10.54)]. However, we
will usean alternative approach in the following.

The one-loop e�ective action at time t minus the oneat t = 0 is given by

e� (1) [M 2] =
i
2

tr ln
�

2 + M 2(t)
2 + M 2(0)

�
; (B.17)

where it is understood that the numerator and denominator are 2 � 2 matrices. This
expressioncan be expandedlocally with respect to V(t) = M 2(t) � M 2(0) and gradients
thereof. The expansioncan be obtained by going to the momentum representation, i.e.,
by expandingwith respect to insertionsof V(q) and with respect to the external momenta
q = (q0; q). As we do not need an in�nite wave function renormalization the divergent
parts are given by the terms of �rst and secondorder in V(q).

We introduce

G� 1
0;ij (p) =

�
� p2

0 + p2
�

� ij + M 2
ij (0) ; (B.18)

G� 1
ij (p) =

�
� p2

0 + p2
�

� ij + M 2
ij (t) : (B.19)

G0 is not the bare propagator which would be de�ned at the vacuum expectation values
of � and � . We diagonalizethe initial massmatrix by an orthogonal transformation

M 2(0) = O fM 2(0)OT ; (B.20)

or

M 2
ij (0) = Oi� Oj �

fM 2
�� (0) = Oi� Oj � m2

0;� : (B.21)

Then alsoG� 1
0;ij becomesdiagonal. We likewiseintroduce

G� 1
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� �� + eV�� (t)

�
Oj �

= Oi�
eG� 1

�� (p)Oj � ; (B.22)

whereof course

eV�� (t) = Oi� Vij (t)Oj � (B.23)

is no longer diagonal. The e�ective action, in the approximation whereall gradient terms
are neglected,can now be rewritten as
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The �rst terms in the expansionare
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The three-dimensionalreduction is obtained via Eq. (B.4) and Eq. (B.1). So we �nd
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The divergent parts of the 
uctuation energyare, therefore,
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As a crosscheck we may obtain the divergent terms in the 
uctuation integrals � ij which
are given by

� (1) div
ij

2
= �

� e� (1) div

� M 2
ij (t)

= �
� e� (1) div

� Vij (t)
(B.28)

Using Eq. (B.23) we have

� V�� (t)
� Vij (t)

= Oi� Oj � (B.29)

and therefore
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